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Quantum theory of cosmological fluctuations with other matters is studied to higher
order to understand the origin of the universe during the time of inflation. This
study also links gravitational and all matter fluctuations with the observed cosmic
microwave background (CMB) anisotropy. It is important to keep in mind that
what is tested observationally is the paradigm that the primordial spectrum of
inhomogeneities was nearly scale invariant and predominantly adiabatic. Therefore,
if other matters such as fermion and gauge fields which do not drive inflation predict
the scale invariant spectrums, their existence during inflation cannot be ruled out.
vii
We therefore extend the calculation of quantum corrections to the cosmological
correlation 〈ζζ〉, which has been done by Weinberg for a loop of minimally coupled
scalars, to other types of matters loops and a general and realistic potential. This
dissertation shows that departures from scale invariance are never large even when
Dirac, vector, and conformal scalar fields are present during inflation and even
when the two-loop spectrum is calculated. No fine tuning is needed, in the sense
that effective masses can be arbitrary values. Although the loop power spectrum
was generally expected to be smaller than the classical one by a factor of GH2, I
find that the quantum effect could be in the order of the classical value at the two
loop level. The momentum dependence of the quantum spectrum goes as q−3 ln q
for all massless matters at one-loop and goes as q−3 ln2 q at two-loop. For massive
matters, the momentum dependence goes as q−3+η(m), where |η| ¿ 1 regardless of
the value of m. Thus scale free correlations are consistent with natural reheating.
These results imply that we and the things around us did not come from nothing or
an unknown scalar field as in conventional beliefs. Rather it points to the fact that
we originated from quantum fluctuations due to the interactions between gravity
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Where do we come from?
What are we?
Where are we going?
Paul Gauguin(1897)
1.1 What and Why?
If we like to understand where we and our surroundings such as electron and photon
came from, it is natural to look back and ask what happened at the very early time
during inflation. Gaussian and nearly scale invariant spectrum predicted by the
scalar field dominated universe theory agreed very well with the current observation.
It is therefore widely believed that the quantum fluctuation of scalar field during
inflation seeded the large scale structure of the universe we observe today. The CMB
primordial power spectrum is measured through the quantity 〈ζζ〉. This quantity ζ
is important because of its relation to both matter and gravity and its prediction for
the primordial density perturbation that is thought to be the origin of the structure
1
of the universe. The observable quantity ζq is defined as




to the linear order in the field equation of cosmological fluctuation1. This quantity
is conserved outside horizon in inflation driven by a single scalar field. The theory of
cosmological perturbation has been well known up to the quadratic term of action
[1], which corresponds to the linear order in the field equations. Therefore, some
authors in the literature may call it as linearized gravity. Recently the non-gaussian
terms in the scalar field(s) have been calculated classically [7,8]. The quantum effect
to arbitrary order in cosmological fluctuations has been more recently formulated
by Weinberg[2]. With a sample massless minimal coupled scalar loop calculation,
Weinberg’s result shows that the momentum dependence goes as q−3 ln q, with an
additional suppression of G compared to the classical result. Is this true for other
kinds of matters such as Dirac, vector, and conformal scalar fields as well? Also,
what happens at higher-loop? In fact, the unbroken symmetry matters become
non-negligible when we go beyond the quadratic term of action in the cosmolog-
ical perturbation theories. It is therefore of great interest to investigate how the
higher-order corrections to the bilinear correlation function 〈ζζ〉loops depend on mo-
mentum q when gravitational fluctuation interacts with general matters other than
scalar field. Will the result go nearly as q−3 as in the scalar case?
We therefore study the possibilities of other matter that is not inflaton2 dur-
ing inflation. The minimal coupled scalar and gravitational fields are considered in
1See more details in [9]
2Although we do not actually know what inflaton is and is not, here we treat any field that
has unbroken symmetries, i.e 〈χ〉 = 〈ψ〉 = 〈Aµ〉 = 0 as other matter. A scalar field ϕ that has a
non-zero expectation value is considered as an inflaton, as in conventional belief. Therefore in the
quantum theory of cosmological fluctuation during inflation considered here, the inflaton ϕ, gravity
gµν , and other matters χ, ψ, Aµ are expanded as ϕ = ϕ̄ + δϕ, gµν = ḡµν + δgµν , χ = 0 + δχ, ψ =
0 + δψ, Aµ = 0 + δAµ, respectively.
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many inflationary theories. However, in order to understand where other matters
such as fermion and photon observed today came from, the inflaton would have to
couple with these fields during inflation. There is no reason why there must be only
scalar field and gravity but nothing else during inflation. Matter observed today
would not have arisen if there was only a scalar field that coupled only to itself
and gravity. If other matters such as Dirac, vector, and conformal scalar fields do
not give anything far larger than the observed values3 in the power spectrum, the
existence of these fields during inflation may not be ruled out.
It is considered in the literatures that Dirac field cannot give a scale invari-
ant primordial spectrum of density perturbation because its momentum dependence
〈ζζ〉 ∼ q−1 is far from q−3[6] and vector field can generate a scale invariant spec-
trum only if the mass square is negative and comparable to the Hubble scale during
inflation[13]. However, the Dirac and vector fields in [6] and [13] respectively were
considered classically only. In general, Dirac and vector fields in expanding universe
only exist as quantum fields with zero expectation value 〈ψ〉 = 〈Aµ〉 = 0 and what
we observe is the density correlation function related to 〈ζζ〉, not the product of the
fields 〈δψ̄δψ〉, 〈δAiδAj〉. Therefore, we have to learn how to quantize such fields at
higher order in cosmological fluctuation. The quantum effect to the observable 〈ζζ〉
due to Dirac and vector fields loops are calculated in this dissertation. The In-In for-
malism[2,4] appropriate for calculating expectation value rather than the S-Matrix
in time dependent background is used. I mainly follow the calculation of Weinberg
for the massless scalar field loop in [2] and extend it to (massive) Dirac, vector,
and conformal scalar fields loops. In this dissertation, we investigate how the ζ
correlation function depends on its momentum and whether it can be large. We can
also find other theories in which the quantum effect can be as large as the classical
3The observed power spectrum today is 〈ζζ〉 = 8πGH2
2(2π)3q3|ε|
3
one, for instance by allowing the gravitational fluctuation to interact with additional
massless scalar field with coupling in the order of MPl(i.e. Lint = MPl( ζ̇H + 3ζ)σ3).
These interactions contribute two-loop sunset diagram in which the quantum corre-
lation function does not get suppressed by an additional factor of GH2.
It is also important to investigate the momentum dependence when quantum
corrections are applied to the two point correlation functions. If the momentum de-
pendence of the loop spectrum goes as q−n such that n is far greater than 3, this will
produce a larger spectrum than the classical value at outside horizon when q → 0.
The existence of Dirac and vector fields during inflation can be easily ruled out if
the spectrum is far from scale invariant and therefore those fields cannot be the
candidate for the origin of structure. We have shown that this is not the case. We
always obtain nearly scale invariant spectrum even when Dirac, vector, and confor-
mal scalar fields are included and even when the two-loop effect is calculated.
The organization of this dissertation is as follows. In chapter 2 we sum-
marize the aspects of in-in formalism and the un-equal time (anti)commutators of
all fluctuations that are needed for our present purposes. The general one-loop
power spectrum formula is also derived. Chapter 3 introduces a class of theories,
with a single inflaton field, plus additional massless and massive Dirac fields with
gravitational and inflaton interactions and vanishing expectation values. Spin sum
at different times for massive fermion is needed and explicitly calculated in that
chapter. In addition, the late time behavior of Dirac field is considered through the
solution of Dirac field equation in inflating universe and the momentum dependence
of correlation function due to massless and massive fermion loop is calculated. In
chapter 4 and 5 we follow the same approach as in chapter 3 except replacing the
Dirac field with vector field and conformal scalar field respectively. Chapter 6 in-
4
troduces a class of possible inflationary theories to illustrate the fact that one-loop
quantum effect can be larger than what was previously thought but is still smaller
than the observed values. In chapter 7 we calculate the two-loop correction of an
observable correlation function 〈ζζ〉two−loop. It is shown that for some theories such
as when matter couples with both gravity and inflaton, the quantum effect can be




n−loop. The coefficient of ln2 q
q3
is explicitly calculated at two-loop order. Chapter
8 summarizes all results we have in each chapters. The results show that for all
theories and matters with a general potential V (ϕ, σ, ψ̄ψ, AµAµ), the quantum cor-
relation functions are never much larger than the classical (observed) value and are
nearly scale invariant. In appendix A we derive the gravitational and general mat-
ters fluctuations used in one-loop calculation of chapter 3− 6 to the cubic order for
the general reader. It is also explain there why the departure from scale invariance
is still small even in a more general potential V (ϕ) → V (ϕ, σ, ψ̄ψ, AµAµ).
1.2 Simple Argument
There are some simple arguments that lead us to believe that quantum effect might
contribute to the spectrum in the order of the observed values without getting
suppressed by an additional factor of G. This could happen when matter couples
with inflaton and gives vertex in the order of MPl. For example, consider the
interaction of fermion ψ, inflaton ϕ, and gravity g via
Lint =
√−gϕψ̄ψ (1.2)
In cosmological fluctuation, we normally expand the fields as
gµν = ḡµν + δgµν , ϕ = ϕ̄ + δϕ, ψ = 0 + δψ (1.3)
5
In general, fermion interacts with fluctuations of both gravity δgµν and scalar field
δϕ and thus affects the conserved quantity ζ. However, we can choose a gauge
which inflaton does not fluctuate (δϕ = 0 gauge [7]) so that ζ is purely gravity in
this gauge. Therefore, one of the interactions in eq. (1.2), for instance trilinear
interaction, has the form
Hζψ̄ψ(t) =
∫
d3xa3(t)ϕ̄(t)ψ̄(x, t)ψ(x, t)F [ζ(x, t)] (1.4)
where F [ζ] is some function of ζ, depending on the details after the expansion of



















By solving Dirac field equation in inflating universe5, the fermion pair ψ̄ψ goes as
a−3 at late time. Therefore, the factor a−3 cancels with
√−ḡ for each Hamiltonian.
With zero factors of a(t) the result of two time integrals grows as (ln a)2. But (ln a)2
is not as significant as ϕ̄ in producing an appreciable effect in the interaction eq.
(1.4). Since there are a total of four ζs on the RHS of eq. (1.5), we get the factor
|ζoq |4 ' (8πGH
2)2
ε2q6
















Since ϕ̄ does not change very much during inflation, it can be approximated as
ϕ̄(t1) ' ϕ̄(t2) ' ϕ̄(tq) at the time of horizon exit so this does not enter into the
time integral (in the same way as we approximate H(t1) ' H(t2) ' H(tq) during
inflation). By collecting the factors of H, ϕ̄ and 8πG, we can then approximate the
4See the formula in chapter 2 or ref[2]







where Cq is the momentum dependence that depends on the results of time and
momentum integrals and the details of the propagator to the momentum p and p′.
It is important to note that unlike the term H, the term ϕ̄ which could arise via
Yukawa coupling does not give spectrum suppressed by a factor of GH2. To see this,









Alternatively we don’t have to take this particular polynomial potential. In the
Yukawa interaction considered above, V (ϕ, ψ̄ψ) = ϕψ̄ψ ≡ ϕf(χ), where f(χ) is












Hence, ϕ̄ À 1√
8πG





which is in the order of classical result.
With large vertices in the order of the MPl, it raises the possibility that quantum
effect is not suppressed by a factor of G as was previously believed and therefore
contribute to the loop spectrum in the order of classical value. However, such
realistic ϕ̄(tq) ∼ MPl coupling can only happen in massive, but not massless, matter
fields at one-loop level. The reason is that inflaton fluctuates around non-zero
background that always contributes to the non-derivative matter terms to the second
7
order after field expansions, i.e., mψ̄ψ = ϕ̄ψ̄ψ or |ϕ̄|2A2i = m2A2i . The massive case
is more general because it allows the possibilities of interactions with other broken
symmetry fields such as inflaton and hence gives large vertices in the order of MPl.
Although the argument above is valid, we still need to find out what Cq is through
actual calculations because Cq is also a function of mass that arises through the




Loop In-In Correlation Function
For in the case of beings like ourselves,
death is certain,
life is uncertain;
All existing things are transitory
and subject to decay.
Therefore be heedful of your ways day and night. Khema
Details of in-in formalism are well explained in refs.[2] and [4]. For the pur-
pose of calculation in this dissertation, we will briefly review some important aspects
of the in-in formalism and extend a one-loop formulae to general matters such as
fermion and gauge fields in this chapter.
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2.1 In-In Formalism in Cosmology and Weinberg’s For-
mula
In any quantized theory that involves gravity such as inflationary theories, there is
a need of in-in formalism for the following reasons
1. The in-states (the remote past) are not the same as the out-states (the remote
future) in general. The standard way of quantization normally assumes the
space-time to be asymptotically flat both in the remote past and remote fu-
ture. However, among many problems that involve gravity such as inflationary
theories or black hole singularities, there are only rare cases which the final
or initial states are fully known. So our approach is to calculate an observ-
able such as the correlation function with a fixed initial(final) state and then
see what the result is at time t, rather than assuming something that is not
certainly known in a final (initial) state. In inflationary theories, this means
we fix an initial condition, when the wavelength is deep inside horizon, and
calculate an observable as the time evolves. We do not assume anything about
the final state, in particular when the wavelength is outside horizon.
2. The in-out correlation functions and quantum effective action are not real and
causal in general, especially in the theories that involve gravity. The in-in
results are always real and causal such that the future can only arise from the
past, not from the future.
3. A fluctuation Hamiltonian governing the time-dependence of field fluctuations
is explicitly time dependent because of the rapid expansion of the universe.
An observable in expanding universe we should calculate is the expectation value,
instead of S-Matrix. The in-in expectation values of some product Q(t) of field
10
















We can expand the equation above as a sum of products of bilinear products with
the use of Wick theorem. This leads to new in-in Feynman rules that are different
from the conventional in-out Feynemn rules. The main differences are:
1. Time Dependent Vertices: They are distinguished between the ”right” (called
R) and ”left” (called L) vertices, arising from the time and anti-time order
products respectively. The R and L vertices contribute a factor of iV (t) and
−iV (t) respectively.
Figure 2.1: There are two vertices in each interactions(R and L vertices). Extra
minus sign is needed for vertex L
2. Unequal-Time Propagators: There are −i∆RR = 〈TA(x, t)B(x′, t′)〉, i∆LL =
11
〈T̄A(x, t)B(x′, t′)〉, i∆RL = 〈A(x, t)B(x′, t′)〉, and i∆LR = 〈B(x, t)A(x′, t′)〉
propagators, arising from pairing the field operators in eq. (2.1). Note that
there is an extra minus sign when switching the anti-commuting field opera-
tors.
Figure 2.2: There are a total of four propagators for ∆RR, ∆RL, ∆LR and ∆LL
A diagram with N vertices contributes 2N ways of choosing each vertex to be a
left vertex or a right vertex. Therefore, the numbers of in-in diagrams are more
than the numbers of conventional in-out diagrams for each topology. However, we
do not have to calculate all 2N diagrams in the correlation functions. For example,
for 2 vertices, there are only two diagrams RR and RL to calculate instead of all
diagrams RR, RL,LR and LL. The reasons are that
Figure 2.3: Only RR and RL need to be calculated
1) Although the diagrams of ∆LL connected to ζLζL without ζR contribute to the
quantum effective action, they do not contribute to the quantum correlation func-
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tions and quantum effective field equations. Even though the formalism was con-
structed to list all the field operators in R and L in the (effective) action, the only
thing that gives physical information is the correlation function and effective equa-
tion arising from varying the effective action. In path integral approach, all the ”L”
fields are set equal to R fields (which we then further define as the physical fields)
after varying the in-in quantum effective action with respect to R fields.1 Therefore,
any diagram in the effective action which have only L fields but no R field does not
contribute to the effective equation or correlation function.
2) The propagators ∆RL and ∆LR are related by some symmetry and its conjugate.
One therefore does not need to calculate loops of LR again once the loops of RL
are known.
The diagram method mentioned above is for those who prefer path-integral quan-
tization. For canonical quantization, we can expand eq. (2.1) and many terms are



























where the expectation value in the RHS of equation above is in free field vacuum
annihilated by annihilation operators and that in the LHS is in interacting vac-
uum. For the rest of this dissertation, we will use eq. (2.2) above to calculate loop
correlation function.
2.2 Unequal Time (Anti) Commutators of all Matters
To quantize in time dependent background, we need the unequal time (anti) com-
mutators.
1This gives the same result as varying the action with respect to ”L” fields and setting ”R” fields
equal to ”L” fields.
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For a real scalar field σ(x, t) = σ∗(x, t), we have
[









For a complex scalar field χ(x, t) 6= χ∗(x, t), the commutator is also the same as
that of real scalar field.
[









but the existence of anti-particle also requires that
[











χ(x1, t1), χ∗(x2, t2)
]
(2.6)
For fermion ψ(x, t) and its conjugate ψ̄
{











The difference from bosonic field is that fermion satisfies anti-commutator rule. So,
the dominant and dominant mode solutions do not cancel at late time as in the
bosonic case. Unlike the case of charged scalar, fermion requires the existence of
anti-particle but the anti-commutator is not equal to its conjugate,
{

















For a real vector field Ai(x, t),
[













ê∗i (p̂, λ)êj(p̂, λ) = δij −
pipj
|p|2 (2.11)
which is time independent for m = 0
2.3 Normal Ordering
In this section, we will normal order the product of 2N field operators (with N = 2
as an example) used in the product of Hamiltonian H1...HN in eq. (2.2). We need
to normal order the product of field operators but there is no need to time order
them as in the standard in-out theory. The is because eq. (2.1) also has a factor
of anti-time ordering. Some cancellations would occur, leaving us with the simpler
formula eq. (2.2) in which we no longer need time ordering.
The interaction Hamiltonian always has at least two matter fields and one gravi-
tational fluctuation ζ. In the next two subsections we will consider the product of
various type matter field operators.
2.3.1 Real Field
We define the field operator Ri ≡ R(xi, ti) as a linear combination of positive fre-
quency and negative frequency
R = R+ + R− (2.12)
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For each interaction Hamiltonian,
Hi = RiRiF [ζ] (2.13)
Hence, the product of 2N field operator is










For example, the product of the four field operators for N = 2 is






















where R± are the field operators associated with annihilation and creation operators,
respectively, such that
R+|0〉 = 〈0|R− = 0 (2.17)
The actual calculation will be less complicated than the equations presented above.
The reason is that in each interaction Hamiltonian Hi, there will be at least two
products of field in the same space and time xi and ti as seen from eq. (2.13) but
at different momentum. Therefore eq. (2.15) is reduced to














The non-trivial commutators are the last term which is at different space and time.
Hence,
〈R1R1R2R2〉0 = 2[R+1 , R−2 ][R+1 , R−2 ] (2.20)
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since the vacuum expectation value of the normal product of field operator is always
zero.
2.3.2 Complex Field
For the charged bosonic or fermion field operator C(xi, ti) 6= C†(xi, ti), we have
C†1C2C
†




















where the ∓ sign means the commutator and anti-commutator for bosonic and
fermionic fields, respectively. The C+ and C− are the terms in C that destroy
particles and create anti-particle respectively, such that
C+|0〉 = C−†|0〉 = 〈0|C− = 〈0|C+† = 0 (2.23)
For each Hamiltonian interaction, Hi must have at least C
†
i Ci in equal space and
time. Therefore, when 1 = 2, 3 = 4, the non-trivial (anti)commutators becomes
〈C†1C1C†2C2〉0 = [C+1 , C+†2 ]∓[C−†1 , C−2 ]∓ (2.24)
As seen from the equation above, unlike the standard in-out theory there is no
” − ” sign when we close the fermion loop. The in-in formula in eq. (2.2) has
implied the cancellation of some certain diagrams. The combination of all diagrams
with the same topology are already contained in eq. (2.2). For example, for the
diagrams which has two external legs and trilinear vertices, the combination of the
two diagrams with the same topology (one is right-right vertices and another is
left-right vertices) gives us an expression in eq. (2.49) in the next section.
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2.4 General Matter Loop Power Spectrum Formula
In this section we calculate a loop power spectrum of general matter valid for scalar,
fermion and gauge fields. We will use this loop power spectrum in the later chapters.
To see this in more detail, let us consider a general complex bosonic or fermionic
field ψ with the interaction2
HI(t) =
∫
d3xV (t)ψ∗(x, t)ψ(x, t)ζ(x, t) (2.25)
where we omit the spinor and vector indices in this section and V (t) is any time
dependent vertex function as a consequence of expanding universe. For instance


















If Q is the product of the gravitational field ζ treated as the external legs, the vacuum
expectation values of the matter, either boson or fermion, circulated inside the loop
in the RHS of eq. (2.26) can be evaluated independently from Q because they have
different types of creation and annihilation operators. For Q = ζ(x, t)ζ(x′, t), we can

























2We can easily generalize to other type of interactions (such as the terms containing field deriva-
tive) later in the next chapter, once we obtain a general formula valid for any matter in this section.
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where αp satisfies the commutation relations since ζ is boson but αp,λ and βp,λ
satisfy the (anti) commutation relations for (fermion) boson matter loop. λ is either
the spin index for the fermion or the helicity for the gauge field.





















































Since ψ is independent from ζ and Q, the vacuum expectation value can be evaluated
independently.

















〈ζ1Qζ2〉0 = 〈ζ2Qζ1〉∗0 (2.38)
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For matter field, only ψ1 could pair with ψ2 at different time but at the same
momentum (this corresponds to the propagator at different time), not ψ1 with ψ∗1
because they are at different momentum. To see this in more details, we write the
field operator ψ in terms of creation and annihilation operators similar to that in












〈ψ∗1ψ1ψ∗2ψ2〉0 = 〈ψ∗2ψ2ψ∗1ψ1〉∗0 (2.40)

























Note that many integrals over momentum k and k′ can be eliminated via the space
integrations that produce delta functions, i.e.,
∫
d3x → (2π)3δ3(q− k) (2.43)
∫
d3x1 → (2π)3δ3(q + p + p′) (2.44)
∫
d3x2 → (2π)3δ3(k′ − p− p′) (2.45)
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Z = ζq(t1)ζ∗q (t)
(










Eq. (2.49) is a formula for general matter field loop.
For a real scalar field σ, we have Up = σp and Vp = σ∗p. Hence, eq. (2.49) becomes
Mσ = 2σp(t1)σ∗p(t2)σ∗p′(t2)σp′(t1) (2.50)
Note that we have an additional factor of 2 for any real field, as seen from eq. (2.20).
For charged scalar field χ(x, t) 6= χ∗(x, t), we still have Up = χp and Vp = χ∗p. Hence,
eq. (2.49) becomes
Mχ = χp(t1)χ∗p(t2)χ∗p′(t2)χp′(t1) (2.51)
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which only differs from the real scalar field by a factor of 2.












where the helicity index λ = 1, 2 for massless vector field and λ = 1, 2, 3 for massive
vector field.
Note that the fermion and gauge fields require the summation over spin and helicity
at different time, especially in the massive theories. We will take this requirement
into account and use the formula for general matter field loop shown above to
calculate the power spectrums for more realistic interactions between various kinds
of matter and gravity in subsequent chapters.
2.5 Some Technical Difficulties
Although the formula for general matter field loop seems to be a convenient and
compact way to calculate loop power spectrum, we still need to integrate over times
and momentums to determine the momentum dependence. The integration for the
case of massless matter loop poses no difficulty since the propagator is a simple
enough function to solve exactly. Challenges arise when the matter has non-zero
mass because the solution of field equations consists of Hankel functions with vari-
ous orders ν of various types of matter. There is product of two Hankel functions at
different times ti, tj , in which i 6= j, for each propagator line of momentum p. This
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means that it requires product of at least four Hankel functions 3to be integrated
over times and momentums. Although it appears that we only need to integrate
over product of two Hankel functions at a time (for example, when we first integrate
over time t1), the result of the first time integral is in general the product of two
Hankel functions with the upper limit t24. Therefore, we now need to integrate over
product of four Hankel functions in the next time integral, in which, two come from
the original function at time t2 and the other two come from the result of the time
integral t1 with upper limit t2. This adds up to product of 2n Hankel functions
that we must integrate in the last tn integral. The results of those time integrals,
if available, becomes the integrands to integrate over various spatial momentum ps
as well. One would also need to regulate UV divergence with such Bessel’s function
propagators at various orders for various matters. For massive fermion and gauge
fields, we also have to sum over spins and helicities at different times because the
propagators at each momentum are at different times. The entire process quickly
becomes tedious and difficult for us to determine the momentum dependence of loop
power spectrum precisely.
The difficulties may be reduced if we only integrate the momentum mode ps up
to some cut off momentum Λq. This allows us to approximate the various Hankel
functions to be some simple enough functions for integration. This means the mo-
mentum modes of matter ps circulated inside the loop exit the horizon before or
around the same time as the momentum mode q of ζ. As mentioned in [2], it is
only if the integrals over internal wave number p are dominated by values of the
order p ≈ q that we can speak of a definite time of horizon exit, where qa ≈ pa ≈ H.
For the massive theories considered here, such approximation of Hankel functions
is necessary to allow us to integrate and determine the momentum dependence of
3Four Hankel functions for the two point functions considered here. For n point functions, we
have to integrate over product of 2n Hankel functions inside the loops.
4There is no problem with the lower limit of time integral when t → −∞ since it exponentially






Pleasure and pain keep coming, like day and night.
Why then cast away, your peace of mind, oh child?
unwanted things may come our way, wanted things as well.
Life contains both light and shade. Then why dance? Why weep?
In life they keep coming, autumn and springs.
If the mind does not waver, you enjoy infinite happiness. S.N.Goenka
3.1 Fermion, Inflaton, and Gravity
In the known theory of cosmological fluctuation, only inflaton and gravity are con-
sidered. The fermion, inflaton and Einstein gravity actions considered here are





R + gµν∂µϕ∂νϕ + 2V (3.2)
+ψ̄γα(Dαψ)− (Dαψ̄)γαψ + 2mψ̄ψ] (3.3)
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where we add a total derivative term Dα(√−gψ̄γαψ) to get the symmetry of fermion
energy momentum tensor in which we later need. µ, ν, ... are the space time indices,
and α, β, ... are the Lorentz indices raised and lowered by the vierbein V αµ . To deal
with fermion, we need Tetrad formalism[10]. The metric in any general non-inertial
coordinate system is related to vierbein by
gµν(x) = V αµ (x)V
β
ν (x)ηαβ (3.4)
The covariant derivative to fermionic field due to the gravity interaction is






























Ni = gijN j (3.8)
We can choose to fix the gauge at the matter side δϕ = B = 0 [7], instead of
at the gravity side. With a gauge that inflaton does not fluctuate, the observable
quantity ζ is purely gravity and hence fermionic fluctuation implicitly affects this
observable through the gravitational fluctuation in the action. The gravitational
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field and inflaton actions can be written in ADM form as
Lg + Lϕ = a
3e3ζ
2
[NR(3) − 2NV + N−1(KijKji − (Kii )2) + N−1 ˙̄ϕ2] (3.9)
where
Kij ≡ 12[ġij −∇iNj −∇jNi] (3.10)
3.2 Constraint and Field Equations
Since the time derivatives of N and N i never occur, they plays the role of Lagrange
multipliers. Varying the actions with respect to N and N i give constraint equations.
By solving the constraint equations or the Einstein equations (if they are written in
terms of A,E, F ) to the first order in fields1, the auxiliary fields N and N i become
N = 1 + ζ̇/H (3.11)
and
N i = − 1
a2H
∂iζ + ε∂i∇−2ζ̇ (3.12)
Note that, in general, the metrics N and N i should be functions of ψ and ψ̄. How-
ever, for the purpose of getting trilinear vertices or action to the cubic order, we
only need gravitational fluctuation to the linear order since the zero expectation
value matter such as fermion (〈ψ〉 = 0) is already considered as second order in
the action and energy momentum tensor. We get the same result of N and Ni by
solving linearized Einstein’s equation, which is the same as the case of matter fields
with no unbroken symmetry.
1See appendix for more details
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The fermionic action can be varied with respect to ψ and ψ̄ independently. We have
(γαDα + m)ψ = 0 (3.13)
In general ADM metric, we can solve eqs. (3.4) and (3.6) and choose the vierbein
to be
V 0k = 0, V
0
0 = N, V
m
0 = aN
meζ , V mi = ae
ζδmi (3.14)
V 0m = 0, V
0
0 = N
−1, V k0 = −
Nk
N
,V im = a
−1e−ζδim (3.15)
V0i = 0, V00 = −N, Vm0 = a−1Nme−ζ , Vmi = aeζδmi (3.16)
For free field in the interaction picture, we can use the vierbein above with N =



















ψ + mψ = 0 (3.18)
To solve Dirac equation in expanding universe, we can re-scale the field ψ ≡ a− 32 χ
and work with conformal time dt = adτ . We therefore have a simpler Dirac equation
γ0χ′ + γi∂iχ + maχ = 0 (3.19)
Since the background is spatially translation invariant, the solution can be written
in mode function as










[eiq·xα(q, s)uq,s(t) + e−iq·xβ†(q, s)vq,s(t)] (3.21)
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Similarly,










[e−iq·xα†(q, s)ūq,s(t) + eiq·xβ(q, s)v̄q,s(t)] (3.23)
where s = ±12 stands for the spin and uq,s(t) and vq,s(t) satisfy
γ0u′q,s + iγ
iqiuq,s + imauq,s = 0 (3.24)
and
γ0v′q,s − iγiqivq,s + imavq,s = 0 (3.25)
The creation and annihilation operators satisfy the anti-commutation relations
{












β(q, s), β†(q′, s′)
}
= δss′δ3(q− q′) (3.27)
The gravitational field ζ(x, t) can be written in Fourier decomposition as
ζ(x, t) =
∫
d3q[eiq·xα(q)ζq(t) + e−iq·xα∗(q)ζ∗q (t)] (3.28)







ζq = 0 (3.29)
2We work with interaction picture free field equations here to obtain time dependent propagators
via their solutions. When loop effect is included, Mukhanov’s equation is modified by varying the
loop quantum effective action with respect to ζ.
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Note that α(q) satisfies the commutation relations
[α(q), α∗(q′)] = δ3(q− q′) (3.30)
[α(q), α(q′)] = 0 (3.31)
3.3 Fermion and Gravity Interaction Vertices
We can expand matter and gravity fluctuations in the actions of (3.1) beyond
quadratic order in cosmological fluctuation. The cubic term and higher order terms
are time dependent vertices that are needed in calculating loop diagrams. However,
it is not necessary (at least, for the trilinear vertices) to directly expand gravita-
tional field to find the interaction Hamiltonian of matter and gravity which may be
complicated and contain many terms. The reason is that many terms are cancelled
by the Bianchi Identity Tµν;ν = 0 and Mukhanov’s free field equation in the interac-
tion picture. As shown in appendix, all we need to do is to find the fermion energy
momentum tensor to the quadratic order, which is simpler than expanding the full
ADM fermionic action. Let us recall that the trilinear interaction of any general
matter with zero expectation value is [2]
HζMM (t) = −
∫
d3xεHa5(T 00 + a2T ii)∇−2ζ̇ + Ẏ (t) (3.32)
where






and the term Ẏ (t) can be removed by field redefinition of ζ as mentioned in [2]. The





νψ + ψ̄ν; γ
µψ − ψ̄γµψν; − ψ̄γνψµ; ) (3.34)
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Therefore, we have the time component of energy momentum tensor to the quadratic
order as
T 00f =
˙̄ψγ0ψ − ψ̄γ0ψ̇ (3.35)






where ψ̄ ≡ ψ†β, β ≡ iγ0, (γ0)2 = −1, and ∂0 = −∂0 = − ∂∂t . Similarly, the spatial








where ∂i = ∂i
a2
and γµ = V µα γα. Therefore, γ0 = V 00 γ




















Note that the interaction above is real and also valid for massive fermion.
3.4 Infrared Safe
Understanding what happened to the correlation of ζ at late time during inflation is
crucial because we could connect this quantity with the observation. The question
that concerns us is whether there is any infrared divergence when the quantum effect
is taken into account. By infrared divergence we mean that the time or momentum
integrals inside the loop blow up when taking t → ∞ or p → 0, respectively. This
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situation may or may not arise depending on the conditions of the theories. Before
we proceed to the actual calculation, we first like to apply Weinberg’s theorem [2]
to fermionic fields to check if the time integral diverges at late time.
Let us first briefly review what Weinberg’s theorem is. The theorem states that
”The integrals over time coordinates of interactions converge exponentially for t →
∞, all interactions are either safe (a number of factors of a(t) strictly less than 2ν−2
for 2ν → 3 in 3 space dimension) or dangerous (which grow at late time no faster
than a and contain only fields, not time derivatives of fields) interactions”
We therefore need to know what the powers of a for ψ and ψ̇ are before we can
see the late time behavior of the final result. This can be done by solving Dirac’s
equation in FRW and see its behavior at late time. Fermion is somewhat different
from scalar field in that the latter’s equation of motion is second order and has two
independent solutions. One approaches constant and another approaches a−3 at
late time. Therefore, the scalar field σ is counted as at most a0 or constant in the
interaction. The time derivative of the scalar field σ̇ is counted as a−2[2]. It is only
natural to ask
What are the powers of a in other fields and their time derivatives?
This can be answered by solving Dirac equations and calculating late time behavior
in unequal time anti-commutation. To implement dimensional regularization, we












ψq = 0 (3.41)
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where n = 0, 1, 2, ....
































































where ψoq is a constant. We see that the massless fermionic field and its time deriva-
tive go as
ψq ∼ a−ν , ψ̇q ∼ c1γ0a−ν + c2γia−ν−1 (3.48)
Another way to see what the power of a in the field ψ is is to use current conservation.
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ψ − γ0γi ∂iψ
a
−mγ0ψ = 0 (3.49)














ψq = 0 (3.50)













σq = 0 (3.51)







+ mψ̄ψ = 0 (3.52)







γ0γi + mψ†γ0 = 0 (3.53)








γiψ −mψ̄ψ = 0 (3.54)
Combination of equations (3.52) and (3.54) cancels the mass term. We obtain the












∂i(ψ̄γiψ) = 0 (3.55)
Hence, at zero momentum,
ψ†ψ ∼ a−3 (3.56)
Therefore, we expect the time integral to converge at late time. This can be seen
through the interaction Hamiltonian of fermion and gravity ζ. Note that the energy
momentum tensor of fermion is









Subtracting eqs. (3.54) and (3.52), we have
˙̄ψγ0ψ − ψ̄γ0ψ̇ + ∂iψ̄
a
γiψ − ψ̄γi ∂iψ
a
− 2mψ̄ψ = 0 (3.59)
Hence,









ψ̄γ0ψ̇ − ˙̄ψγ0ψ + mψ̄ψ
)
(3.61)
















In 2ν = 3 space dimension, eq. (3.48) gives ψ ∼ a− 32 , and ψ̇ ∼ c1γ0a− 32 + c2γia− 52 .
Since ζ̇ ∼ a−2[2], the fermionic and gravity interactions in eqs. (3.62) and (3.60)












) = a0 = constant. We therefore expect the time integrals to converge
at late time. It should be noted that the fermion mass term may be the most
dominating among all terms as indicated by the power counting of a. The mass
term in the interaction Hamiltonian approaches constant (after including factors of
√−g and ζ), rather than decaying away as a−1 in the derivative terms. Therefore,
after integrating over time, the mass term will contribute (lna)n in the late time
behavior for n points cosmological correlation functions.
3.5 Massless Fermion Result
We see that Dirac’s equations in expanding universe (3.24) and (3.25) at m = 0 are
the same as those in Minkowski space except that the physical time t is replaced






where uoq,s and v
o
q,s stand for constant coefficients at outside horizon. These coef-
ficients can be determined by matching the solutions at deep inside horizon with
those of flat space solutions. At deep inside horizon, the field does not feel the effect
of the expansion of the universe. Therefore, the normalization factor can be chosen
4The terms involving c1γ
0a−
3
2 in ψ̇q are cancelled in gravitational and fermionic interactions
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where q ≡ q0 =
√
q2. We see that the momentum dependence q of the expectation
value of fermion and anti-fermion pair 〈ψ̄ψ〉 is far from the scale invariant spectrum
q−3 and unlike that in the scalar case. However, this does not rule out that fermion
could not seed the large scale structure of the universe observed today. The reason
is that we never observe the product of either scalar or fermionic field but rather
the product of temperature 〈 δTT δTT 〉 or density 〈 δρρ δρρ 〉 fluctuations, which are related
to the conserved quantities 〈ζζ〉. Since ζ is purely a geometric quantity in the
δϕ = δu = 0 gauge and fermion interacts with the gravitational fluctuation, we
therefore calculate how fermion affects ζ at the loop quantum level.
We now calculate the one-loop graph with two vertices of the two point function.
Owing to the interaction of gravity and fermionic field, the quantum correction of













[H(t1), [H(t2), ζ(x, t)ζ(x′, t)]
〉
(3.67)








∇−2ζ̇ + Ẏ (t) (3.68)
By counting the power of a, the interaction Hamiltonian goes as a4−3−2 = a−1.
Therefore, we expect this will be infrared safe according to Weinberg’s theorem
such that there should be no divergence in the time integrals when taking the limit
τ → 0.
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To quantize, we write ψ and ψ̄ in terms of creation and annihilation operators in
momentum space. We can use the formula (2.46) and (2.52) derived in the previous
chapter. To match with the interaction Hamiltonian in eq. (3.68), we replace the











ζq(t1,2) → −ζ̇q(t1,2)/q2 (3.70)
V (t) = −2εHa5(t) (3.71)






q (t)− ζq(t)ζ̇∗q (t2))
)
(3.72)
and Mψ in eq. (2.52) changes to be
Mψ → − 1
a1a2




The equation above shows the need to sum over spin at different time. Fortunately,
massless fermion is conformally flat so we still can use the spin sum formula from
flat space. As seen from Dirac’s equation, the solutions of massless fermion are just
plane waves with conformal time, up,s(τ) = uop,se
−ipτ , after re-scaling the field such
that Up,s = a−
3
2 (t)up,s(t). The momentum dependent coefficient uop,s satisfies the














5We emphasize that this formula is only valid for massless fermion since the mode solution of
massless fermion is the same as that in flat space except we replace physical time t with conformal
time τ and the spin sum is time independent. The situation is entirely different for massive fermion,
as will be shown in the next section.
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With the spin sum equation above, eq. (3.73) becomes










tr(γiγαγjγβ) = 4(ηiαηjβ − ηijηαβ + ηiβηαj) (3.76)
Therefore,
Mψ = 1(2π)6a41a42
(p− p′)2(1 + p̂ · p̂′)e−i(p+p′)(τ1−τ2) (3.77)









d3pd3p′δ3(q + p− p′) (3.78)











where Z is the contribution of the ζ part in eq. (3.72). To calculate Z, we use the
solution of free field Mukhanov’s equation in interaction picture
ζq(t) = ζoq e


















During slow roll inflation, we approximate ε1 ≈ ε2 ≈ ε(tq). Integrating over confor-










d3pd3p′δ3(q + p + p′)(3.83)





q + p + p′
(e−2iqτ2 − 1)(3.84)
where an upper limit t →∞ or τ → 0 means a time during inflation but sufficiently
late so that a(t) is many e-folding larger than its value when qa falls below H.






q + p− p′ (e
−2iqτ2 − 1) = − 1
2q(q + p + p′)
(3.85)














d3pd3p′δ3(q + p + p′)
(p− p′)2
q + p + p′
(1 + p̂ · p̂′) (3.87)
Power counting shows that the results of the momentum integrals p ,p′ will go as
q4. If we use dimensional regularization to remove UV divergence, the finite part of
〈ζζ〉 for massless fermion loop will go as q−3 ln q. To determine the coefficient of the
finite part of the momentum integral above, we will follow the calculation as done

























q + p + p′
(
1 +





With dimensional regularization, the UV divergence of the integral above for δ = 0
gives the pole term as
2π
q
J (q) ⇒ q4+δF (δ) (3.90)
F (δ) → F0
δ
+ F1 (3.91)
Therefore, in the limit δ = 0,
2π
q
J (q) = q4
[
F0 ln q + L
]
(3.92)
where L is a divergent constant. To eliminate divergence in the momentum integral







where we take the limit q → 0 after integrating over p. Hence,








F0 = −2π15 (3.95)

















with C an unknown constant. Notice that we have the same sign as that in the
massless scalar loop because we don’t have the time order product of fermion pairs
in eq. (2.2). The opposite sign of fermion loop only arises in in-out theory when we
time order the product of fermion pairs to close the loop. Moreover the result in eq.
(3.96) is smaller than the classical result by a factor of GH2.
3.6 Massive Fermion Mode Solution
The calculation is much more difficult for massive fermion. This is because mode
solution of massive fermion at arbitrary wavelength during inflation is not a simple
plane wave like that in massless or flat space. We cannot use the trace technology
normally done for spinor in flat space since the spin sum at different time cannot
be written in the compact form of γ matrices. We therefore need to solve Dirac’s
equation in expanding universe during inflation and perform the spin sum at different
time by multiplying the matrices. From the fermionic field equation in expanding
universe eq. (3.17), we see that if fermion is massless or if it does not couple to
inflaton, the equations above are the same as those in Minkowski space except that
the physical time t is replaced with the conformal timeτ . Therefore, we can carry
out the spin sum as we typically do in flat space. The situation is quite different if
fermion has mass or if it couples to inflaton (i.e mψ̄ψ = ϕψ̄ψ), which is the more
general case. To be more specific, the spin sum of massive fermion in expanding
universe cannot be easily realized by using the projection operators typically done
















p2 + (ma)2. The right hand side of the equations above explicitly
depend on a specific time t, but not the left hand side which needs the spin sum
at two different times t1 and t2. As we will prove below, the right hand side of
the equation above is only valid at equal time and deep inside horizon where the
solution is the same as that in flat space.
In this section, we first start from solving Dirac’s equation in FRW and then use that
solution to calculate the spin sum at different times valid to arbitrary wavelength.
How do we solve Dirac’s equation in expanding universe? In flat space, we first
solve the matrix equation with zero spatial momentum (~p = 0) and Lorentz boost
the solution to get an explicit solution at non-zero momentum. In FRW, it is not
clear whether we can Lorentz boost as that in flat space. To avoid this ambiguity,
we directly solve Dirac’s equation at a finite momentum instead of solving it at zero
momentum and Lorentz boost.
Defining us,p(τ) ≡ [u+,p(τ)S, u−,p(τ)S]T and vs,p(τ) ≡ [v+,p(τ)S, v−,p(τ)S]T where
S are the two component eigenvectors of the helicity operators. We use the Dirac














Therefore, eq. (3.24) gives
u′+,p + i(~σ · ~p)u−,p + imau+,p = 0 (3.101)
u′−,p + i(~σ · ~p)u+,p − imau−,p = 0 (3.102)
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We see that the equations above are first order coupled differential equations. To
decouple, we differentiate those equations one more time. With some algebra, we
get two uncoupled second-order differentials equations,
u′′±,p + (~p
2 + (ma)2 ± i(am)′)u±,p = 0 (3.103)





 = ~p212×2 ≡ p2. Therefore6, p ≡
√
~p2 = |~p|.
Similarly, for v, eq. (3.25) gives
v′+,p − i(~p · ~σ)v−,p + imav+,p = 0 (3.104)
v′−,p − i(~p · ~σ)v+,p − imav−,p = 0 (3.105)
v′′±,p + (~p
2 + (ma)2 ± i(am)′)v±,p = 0 (3.106)
In general, m does not have to be a constant in time. If a fermion is coupled to
an inflaton, it can be the effective time dependent mass (i.e. m(t) = ϕ(t)). Since
we are now considering the de-sitter phase inflation, so a = − 1Hτ . Since H in de
Sitter phase is constant, we will now assume that the mass m = ϕ is constant since









u±,p = 0 (3.107)
6This notation p should not be confused with p0 ≡
p




uFRW (p, s, t) ≡






 uµ,p × S











where µ ≡ 12 − ir, µ̄ ≡ 12 + ir, and r ≡ mH .
We choose the initial conditions so that the positive frequency mode solutions match
with the flat space time solutions at deep inside horizon7
uflat =

























 for spin down. Note












v±,p = 0 (3.111)












vFRW (p, s, t) ≡













where we choose the initial conditions so that the negative frequency mode solutions
match with the flat space time solutions at deep inside horizon
vflat =














where S̃ = eiασ2S and S̃†S̃ = 1. We can check that, in the massless limit, vflat =
1√
2(2π)3
eipτ , as expected.
To find the normalization coefficients c1...4(p), we match the solutions of eqs. (3.108)
with (3.110) and (3.112) with (3.114) by using the asymptotic property of Hankel’s
functions. Hence,




















In conclusion of this section, the solutions of Dirac’s equation in expanding universe
needed to determine time dependent propagator and spin sum at different times are
uFRW ≡






 uµ × S




















where we use the property H(2)µ (x) = (H
(1)
µ̄ (x))∗
3.7 Spin Sum at Different Time: Time Dependent Prop-
agators
As a requirement of the time dependent fermion propagator, it is necessary to sum
over spin at different times in massive fermion. Since the massive mode solution is
no longer just a plane wave as in the case of flat space, we therefore need to sum
over the spin by multiplying the two 2 component matrices of the mode solutions.
3.7.1 Short Wavelength
We like to start with spin sum at short wavelength. The reasons are that the spin
sum is less complicated at short wavelength than at general wavelength and it also
allows us to check the correctness with the more familiar spin sum in flat space time.
Once we are comfortable with the spin sum at different time in short wavelength
limit, we can easily extend the result to the general wavelength limit in the next
subsection.
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where p0(t) = a(t)E(t). We see that the equation for spin sum at different time is
rather complicated even at deep inside horizon and cannot be written in a simple
form of γ matrices as in the flat space. However, we can check that, at equal time








0 + ma)12×2 (~σ · ~p)2×2










(−ipαγα + ma(t))βDR (3.128)
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For m = 0, the spin sum at different time gives the more familiar formula used for





































2×2 (~σ · ~p)2×2












where p01 = p
0
2 ≡ p0 is time independent for the massless case only.
3.7.2 Long Wavelength























































where r = mH and x = −pτ . Using the mode solution above, we can write down the











ir12×2 (Γ(µ))2(x1x2)ir(~σ · p̂)2×2
(Γ(µ̄))2(x1x2)−ir(~σ · p̂)2×2 |Γ(µ)|2e−πr(x1x2 )−ir12×2

 (3.141)










−ir12×2 (Γ(µ̄))2(x1x2)−ir(~σ · p̂)2×2
(Γ(µ))2(x1x2)ir(~σ · p̂)2×2 |Γ(µ)|2eπr(x1x2 )ir12×2

 (3.143)
for spin sum of v solution.
Notice that the mode solutions up,s(t) and v−p,r(t) satisfy the orthogonal relation
v†−p,r(t)up,s(t) = u
†

















at late time and the scalar bilinear satisfies












where we use |Γ(µ)|2 = πcosh πr
Since ψ ≡ a− 32 (u, v), we see from eq. (3.148) that the bilinear a3ψ̄ψ or a3ψ†ψ
approaches constant at long wavelength limit.
3.7.3 General Wavelength
We are now more comfortable in calculating the spin sum for general wavelength.
From the solution of Dirac equation in dS-FRW (3.108), we can write the spin up





































































where r ≡ mH and x ≡ −pτ . Using the equations above, the general formula of spin












µ(t2)12×2 uµ(t1)u∗̄µ(t2)(~σ · p̂)2×2
uµ̄(t1)u∗µ(t2)(~σ · p̂)2×2 uµ̄(t1)u∗̄µ(t2)12×2

 (3.154)
























µ (x2)(~σ · p̂)2×2 e−πrH(1)µ̄ (x1)H∗(1)µ̄ (x2)12×2

 (3.156)
where µ ≡ 12 − ir, r ≡ mH , and x ≡ −pτ














































































2vµ(t1)v∗µ(t2)12×2 vµ(t1)v∗̄µ(t2)(~σ · p̂)2×2
vµ̄(t1)v∗µ(t2)(~σ · p̂)2×2 vµ̄(t1)v∗̄µ(t2)12×2

 (3.160)




























































− r(1+ir)2x2 )12×2 (1−
r(1−ir)
2x1
+ r(1−ir)2x2 )(~σ · p̂)2×2
(1 + r(1+ir)2x1 −
r(1+ir)
2x2






where rx = − mHpτ = map .
































where p = |~p| =
√
(p0)21 − (ma1)2 =
√
(p0)22 − (ma2)2, p0 = aE. Therefore, we can
write ~p2 =
(
(p01 −ma1)(p01 + ma1)(p02 −ma2)(p02 + ma2)
) 1
2 Hence, we see that eq.
(3.164) is the correct approximation of eq. (3.166) at short wavelength.
Note that we can obtain simple spin sum of massive fermion (in terms of γ ma-









0 −ma)12×2 (~σ · ~p)2×2






(−ip0γ0 − i~p · ~γ −ma)βDR (3.169)
= − 1
2(2π)3p0
(ipαγα + ma(t))βDR (3.170)
3.8 Massive Fermion Result
We now go to a more detail calculation of the integrand contributed by the massive
fermion part Mψ.
We can use the formula (2.46) and (2.52) derived in chapter 2. To match with the
more realistic interaction Hamiltonian that arises after expansion in eq. (3.62), we
replace the interaction in eq. (2.25) with
ψ∗ψ →
(
ψ̄γ0ψ̇ − ˙̄ψγ0ψ + mψ̄ψ
)
(3.171)
ζq(t1,2) → −ζ̇q(t1,2)/q2 (3.172)
V (t) → −2εHa5(t) (3.173)
Z is still the same as that in eq. (3.72) for the massless case. With the re-scaling
of Up,s(t) = a−
3
2 up,s(t), Mψ in eq. (2.52) becomes









where A is the contribution from purely time derivative terms, B from the ψ̄ψ terms,


































As seen above, we need to know the spin sum at different time (corresponding to
the time dependent propagators). Using eq. (3.153) with vµ = u∗̄µ and vµ̄ = u∗µ in









(uµ̄,p′ u̇µ,p − u̇µ̄,p′uµ,p) (3.180)







where the µ ↔ µ̄ terms arise when we take the trace in the lower component of the










α ≡ uµ̄,p′ u̇µ,p − u̇µ̄,p′uµ,p (3.183)
and
ᾱ ≡ uµ,p′ u̇µ̄,p − u̇µ,p′uµ̄,p (3.184)
We follow the same approach to calculate B. With the spin sum equations in (3.153)













µ̄,p′(t2)uµ̄,p′(t1)12×2 −u∗µ̄,p′(t2)uµ,p′(t1)(~σ · p̂′)2×2







µ,p(t2)12×2 −uµ,p(t1)u∗̄µ,p(t2)(~σ · p̂)2×2








(p̂ · p̂′)u∗µ̄,p′(t2)uµ,p′(t1)uµ̄,p(t1)u∗µ,p(t2) + (µ ↔ µ̄)
)
(3.189)















κ ≡ uµ̄,p′uµ,p, κ̄ ≡ uµ,p′uµ̄,p (3.191)
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+(p̂ · p̂′)(uµ,p′(t1)u̇µ̄,p(t1)− u̇µ,p′(t1)uµ̄,p(t1)))− (µ ↔ µ̄)
)
(3.193)
Hence, from eqs. (3.183) and (3.191),
C = 2
(






α∗2κ1 − ᾱ∗2κ̄1 + (p̂ · p̂′)(ᾱ∗2κ1 − α∗2κ̄1)
)
(3.195)
Notice from eqs. (3.194) and (3.195) that
D = −C∗(t1 ↔ t2) (3.196)
as expected from the fact that
〈(ψ†1ψ̇1 − ψ̇†1ψ1)ψ̄2ψ2〉†0 = −〈ψ̄2ψ2(ψ†1ψ̇1 − ψ̇†1ψ1)〉0 (3.197)
Substituting eqs. (3.182), (3.190), (3.194), and (3.195) into eq. (3.174), we have the








2ᾱ1 + (p̂ · p̂′)(α∗2ᾱ1 + ᾱ∗2α1)) (3.198)
+m2(κ∗2κ1 + κ̄
∗
2κ̄1 − (p̂ · p̂′)(κ∗2κ̄1 + κ̄∗2κ1)) (3.199)
−im(κ∗2α1 − κ̄∗2ᾱ1 + (p̂ · p̂′)(κ∗2ᾱ1 − κ̄∗2α1)) (3.200)




The equation above can be written as |α ± imκ|2, if all are treated at equal time.























~π∗2 · ~π1 (3.204)
where the σs are
σ ≡ α + imκ (3.205)
= uµ̄,p′ u̇µ,p − u̇µ̄,p′uµ,p + imuµ̄,p′uµ,p (3.206)
σ̄ ≡ ᾱ− imκ̄ (3.207)
= σ(m → −m) (3.208)
Notice that the symmetry between t1 ↔ t2, µ ↔ µ̄, p ↔ p′ and their conjugate.
The sign of mass term switches because γ0 has eigenvalue ∓i for two upper and two
lower components, respectively. Therefore, when we carry out the spin sum, the
term with changing m → −m arises when we take the trace of the matrices. Recall
























for µ = 12 − imH , and µ̄ = 12 + imH . The factor e±
πm
2H arises due to the fixing of the
coefficients cp of mode solutions at deep inside horizon with flat space time solutions.







and σ(t) = σ̄(t) = i
2(2π)3a











(p− p′)2(1 + p̂ · p̂′)e−i(p+p′)(τ1−τ2) (3.212)
which agrees with the result in massless fermion section in eq. (3.77).
Substituting eqs. (3.81) and (3.82) back in the power spectrum formula eq. (2.46)





























where Mψ is the result contributed by the fermionic part in eq. (3.202) and the
exponential terms e±iqτ in eq. (3.215) come from the ζq parts.
3.9 What if q → 0?
Let us consider what happen if the external momentum q → 0. The delta function
in the momentum integral tells us that |p′| = |p + q|. This is the conservation of
momentum (but not energy) due to the translation invariance of FRW universe.
There is an ambiguity on when we can take limit q → 0, before or after the inte-
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grations. If we take the external momentum q → 0 and hence |p| ' |p′| before any
integrations, the factor (p− p′) in eq. (3.211) indicates that Mm=0 = 0. However,
if we take the limit q → 0 after all the time and momentum integrals, we have the
non-zero result which momentum dependence goes as q−3 ln q, similar to the result
in the massless fermion section. Nevertheless, the exact expression in eq. (3.202) is
more complicated for massive fermion. We now like to see what the result is when
q = 0 before performing the integrals in this section.
By considering the integrand contributed by the fermionic part Mψ in eq. (3.202)
only, when q = 0, p = p′ σ̄p ' −σp as seen from eqs. (3.205) and (3.207). Hence, at
far outside horizon, the integrand contributed by the fermionic part approaches
a31a
3
2Mψ|m6=0 → 2(1− (p̂ · p̂′))σ∗p(t2)σp(t1) (3.216)
Since the direction of of momentum p̂ associated with up,s is anti parallel to the
direction of momentum p̂′ associated with vp′,r (because of the delta function δ3(p+
p′ + q) in the momentum integral ), Mψ approaches
a31a
3
2Mψ|m6=0 → 4σ∗p(t2)σp(t1) (3.217)
Notice that the term like σ∗p(t2)σp(t1) is similar to a real scalar field. In particular,
if we write a real scalar field in mode function in terms of creation and annihilation
operators, the expectation value of a real scalar field in free field vacuum at two
different space and time is
〈ϕ(x1, t1)ϕ(x2, t2)〉0 =
∫
d3peip·(x1−x2)ϕ∗p(t2)ϕp(t1) (3.218)
This is in fact the tree level of the real scalar field. We normally use this tree two
point function at different space and time to construct the in-in propagators. This
case is also similar to the condensation of fermion and anti-fermion pairs in the
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theory of superconductivity and vacuum of QCD. The fermion pairs must have zero
total momentum (p + p′ = 0) and angular momentum.
Note that the results above come from the fact that we take the limit q → 0 before
doing any integrations. We will see the case when we take limit q → 0 after some
integrations in the next section.
3.10 The Momentum Dependence
So far, the result in eq. (3.202) is exact. There is no approximation involved in eq.
(3.202). However, the exact result involves the integrand of Hankel’s functions and
their time derivatives and this makes the integration quite challenging. Neverthe-
less, we get some idea that the time integrals will converge and go at most (log a)2
since we have counted the power of a in the previous section and find that they are
of of safe interaction type which goes at most a0. However, in order to determine
the momentum dependence of the power spectrum, we need to integrate over un-
equal times t1, t2 and momentums p, p′ associated with fermion fluctuations. We
will first integrate over times and then over momentums. The direct calculation is
complicated because it involves integrating over products of Hankel’s functions with
complex order. Since p is the running momentum from 0 to ∞ whereas q is the fixed
external momentum associated with a conserved quantity ζq, it is helpful to divide
the integrals over momentum p in eq. (3.213) as an integral when Λq ≤ p ≤ ∞ and
0 ≤ p ≤ Λq. The first integral when p → ∞ can be approximated as if fermion is
massless due to its high momentum. So, the result at high momentum after dimen-
sional regularization will be close to that in the massless case in eq. (3.96). The
second integral when p ≤ Λq indicates that the mass effect may become important
in the result. Therefore, additional calculation is needed to determine the momen-
tum dependence.
Since the momentum p corresponds to fermion fluctuation ψp and the momentum
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q corresponds to the conserved quantity (gravity) ζq fluctuation, this implies that
massive fermion ψp exits the horizon before ζq exits the horizon if Λ is in the order
of 1. In other words, the fermion fluctuation a3ψ̄p′ψp is frozen by the time the fluc-
tuation ζq crosses the horizon. At outside horizon of ζq, p, p′ are sufficiently small
and Hankel’s function can be approximated as [11]
H
(1)





































































Notice that σ(p, p′) and σ̄(p, p′) are both time independent. The exponential factors
e±πr arise when we fix the coefficients to match the solutions with those of inside
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2− (p̂ · p̂′)(p′2irp−2ir + c.c.)
)
(3.227)
≡ a−31 a−32 Fop,p′ (3.228)
where the factors a−31,2 from the fermionic part will cancel with the factor
√−ḡ in eq.























Notice that the time integrals only come from the ζ propagators. Because the
integrand contributed by the fermionic part Fop,p′ is time independent so the time
integrals can be evaluated independently from the momentum integrals. Although
we see from eq. (3.229) that the time integral is in the order of (log a)2, we need
to evaluate this integral if we want to see the momentum dependence q for the
correlation function of ζ.










(e−iqτ2 − eiqτ2)Ei(−iqτ2) (3.231)
Using Ei(−ix) = ci(x)− isi(x), we have
























Notice that the result of the time integral above is q-independent. Now, we can








Note that we only keep the leading order in q in the last equation. The p̂ · p̂′ =
cosθ = p
2−p′2−q2



























Substituting eqs. (3.236) into (3.213), we have the ζ correlation function due to
























which goes as q−3 at low momentum.
The fermion mass m can be arbitrary from very small to as large as MPl. It should
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be noted that the power spectrum will not be zero when we take m = 0. Eq. (3.240)
for massive fermion is the result when the fermion pairs ψ̄p′ψp exit horizon before
or the same time as ζq exits the horizon (p ≤ q). We keep only the most dominant
mode solutions for massive fermion after horizon exit. For massless fermion case,
the solution is simple enough so that we can do the integration exactly without any
approximations as done in previous sections. The integrand contributed by massive
fermion Fo ≡ a31a32Mψ becomes frozen after horizon exit (apart from that factor
a−3 that always arises to cancel the factor
√−ḡ). The negative power of (−τ) arises
in the time integrals
∫ ∫
dt2dt1 of the massive, but not massless, and fermion is
more important than the exponential function when τ → 0. Therefore, massive
fermion loop can contribute the (log a)2 factor(for two point function calculated
here) because the interaction goes as a0, whereas log a does not arise in massless
fermion because the interaction goes as a−1 rather than a0.
3.11 Large Coupling
As mentioned in the introduction, we can have fermion coupling to inflaton as large
as MPl. With the large vertex in order of MPl, it raises the possibility that loop
spectrum may not get suppressed by the additional factor of G. However, such large
MPl vertex can only exist in the massive theory. The reason is that inflaton fluc-
tuates around non-zero background and hence it contributes to the second order of
action after expansion. Therefore, this requires us to consider not only the vertices,
but also the propagators.
We still can use the result as in the previous section even if it has this kind of ad-
ditional large MPl coupling. The fermion mass can arise from the non-zero vacuum
expectation value of a scalar field in a flat potential. Therefore, the effective fermion
mass during inflation can be as large as MPl. We know that in order to generate
all matter observed today, inflaton ϕ must couple to matter such as fermion some-
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times during inflation. For example, if fermion is Yukawa coupled to the inflaton
ϕ = ϕ̄ + δϕ, the quantum correction to the ζ correlation function only arises due
to the interaction of fermion and gravity fluctuations but not due to the interaction
of fermion and fluctuation of scalar field δϕ because we have worked in the δϕ = 0
gauge. Therefore, the Yukawa coupling that can arise for general inflaton potential
does not change the result in eq. (3.240) but only shift the fermion mass to be
m → m + ϕ̄(tq) (3.241)
However, during inflation fermion mass can be larger than H because the non-zero
expectation value of the scalar field ϕ̄(t) is large. We only assume m is constant
since ϕ̄ does not change very much during slow roll inflation, so we use the value of
fermion mass when the inflaton is about at the time of Horizon exit (in the same
way as we approximate H(t) ' H(tq) during inflation). Estimating how large the
the unperturbed inflaton amplitude can be is perhaps depending on the details of






Therefore, for the coupling of inflaton with matter V = ϕ̄ψ̄ψ, the slow roll condition
above requires ϕ̄ À 1√
8πG
. Therefore, if unperturbed inflaton amplitude is in the
order of MPl at the time of horizon exit as occurred in many inflationary theories,












We see that even when we include the large ϕ̄ ∼ MPl coupling that seems to give
the quantum effect that does not get suppressed by the factor of G, the result is
67
suppressed by the factor cosh2 MPlπH instead. This happens because inflaton fluctu-
ates around non-zero background, implying that the massive fermion propagators
are in the order of MPl. The factor cosh πmH arises when we fix the mass dependent
coefficients of the mode solution at late time.
It should be mentioned here that the large mass term does not get suppressed to
the quantity like a3〈ψ̄ψ〉 → tanh πmH . Terms like ūu or v̄v approach constant with
the mass dependent constant coefficient goes as tanh πmH , which does not have large
mass suppression. However, to close the fermion loop, the tree 〈ψ̄ψ〉 is not the
only quantity we need to calculate but rather 〈ψ̄1ψ1ψ̄2ψ2〉, which is the trace over
the multiplied matrices such as
∑
r,s v̄p′,r(t1)up,s(t1)ūp,s(t2)vp′,r(t2). Therefore the
bilinear v̄1u1 gives constant mass dependent coefficient of 1cosh mπ
H
, resulting in small
loop result even when the fermion couples to inflaton in the order of MPl.
Apart from ultraviolet divergence, no infrared divergence can arise due to the late
time behavior. The reason of infrared safe comes from the fact that the function
Fo approaches constant at low momentum. This is similar to viewing σ and σ̄ in
eq. (3.202) as scalar which approach constant after horizon exit. Provided that
the integral over time is infrared safe, the integral over time only comes from the
ζ correlator, where as the fermionic part only contributes a a−3 factor that always
cancels with the factor
√−ḡ in each interaction Hamiltonian. After all integrations,
the power spectrum gives a q−3 momentum dependence. The result of the massive
fermion case is valid at low momentum mode only where we need to cut off the
momentum integral p to some value i.e., Λq, so that the approximation of small p, p′
in the Hankel function (eq. (3.219)) is still valid. This case means that, if Λ is in the
order of 1, the fermion momentum mode p, p′ exit the horizon before ζ momentum
mode q crosses the horizon (p, p′ ≤ q = a(tq)H(tq)). For higher momentum mode p,
the fermion behaves like it is massless and is always suppressed by the factor G and
negative power of Robertson Walker a as shown in massless fermion section. There-
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fore, the spectrum of massive fermion loop is more dominant than the spectrum of
massless fermion loop in general because the former can contribute a (lna)n factor
in the result of n time integrals. Bilinear term like ψ̄ψ or ψ†ψ gives the power of a
as a0 in the interactions. 8 However, ln a never arise in massless fermion because
the interaction Hamiltonian always associates with either its time derivative which
goes as ψ̇ ∼ a− 52 9 or its spatial derivative which is always accompanied by pi/a.
Hence, massless fermion can only give a−1 at most.
More careful consideration is needed for the mass effect to investigate whether the
quantum effect is truly small. The reason is that various mass dependent coeffi-
cients can arise when matching the general solution with that of inside horizon for
the general graphs. However, fermion has two components that are needed to form a
pair with its conjugate. The bilinear like ūu or v̄v, but not v̄u, contributes constant
factors like |Γ(ν)|2(eπmH − e−πmH ) which are tanh πmH → 1 at large mass limit. The





= 1, which is mass
independent. Therefore, by considering this alone, fermion has no exponential sup-
pression and seems to give large quantum effect if vertex is as large as MPl. However,
as shown in the detail calculation here, this is not possible for the loop graph that
has two external legs with two trilinear vertices because it requires bilinear like v̄u
instead. The bilinear term like ψ̄γiψ get suppressed at late time because γi can only
have contraction with qia . Therefore it is suppressed by additional negative power
of a and its low momentum at outside horizon. The interaction term like ψ̄γ0ψ̇
contributes both qia ψ̄γ
iψ and mψ̄ψ factors via Dirac’s equation and its conjugate so
it can give the result at most as that in ψ̄ψ interaction type. The other power of
bilinear term like (ψ̄ψ)n for n > 1 cannot couple to the mass dimension in the order
8Due to the anti-commuting nature of fermion, the dominant mode and dominant mode ψ ∝ a− 32
does not cancel in the anti commutator. This is unlike the bosonic cases which satisfy commutation
relations and the dominant and dominant mode are cancelled.
9As mentioned earlier, the terms proportional to a−
3
2 in ψ̇q are cancelled in the gravitational
and fermionic interactions so the next leading power of a in ψ̇q is a
− 52
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of MPl and can only give higher fermion loop(by dimension counting in the action).





Time is so precious, time is not for sale in the market.
Even for the wealth of three worlds you can’t buy back the moment past.
Remembering past moments, don’t uselessly be obsessed.
Past wealth can be recovered but past moments can never return.
Living in the past is agitating, living in the future is delusory.
If you live in the present, you have learn how to live. S.N. Goenka
A classical vector field in inflating universe is studied in [12, 13]. We study the
quantum effect of cosmological density fluctuation due to vector field interacts with
gravity in this chapter.
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4.1 Gauge Field, Inflaton, and Gravity
We consider the quantized gauge field that affects the quantity ζ and its correlation
function through the interaction with gravitational fluctuation. The action is



























The interaction action of gauge field with gravitational fluctuations can be written
in term of ζ and Ai as
LV = 12
aeζ































(1 + ζ̇H )
2
)
AiAj + ... (4.9)
where we choose gauge A0 = 0 for m = 0 and δϕ = 0 so that the ADM metric N
and N i can be written in term of ζ in the same way as done in chapter 3 in which
N i = − 1
a2H
∂iζ + ε∂i∇−2ζ̇ (4.10)
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For m 6= 0, there are additional terms resulting from solving constraint equation






smaller, represented by ... in the action above.
4.2 Field Equation and Its Solutions
We expand the gravity and vector field fluctuations as
gµν = ḡµν + δgµν (4.11)
Aµ = 0 + δAµ (4.12)
Hence we have
LV = L(2)V + L(3)V + ... (4.13)
where L(2)V is the second order in fluctuation that gives the field equation and propa-
gator via its solution. L(3)V and higher order terms give interaction vertices of vector
and gravitational fields fluctuations.
To determine vector field propagator, we need to solve interaction free field equation





− a3(t)m2Aν = 0 (4.14)
For ν = 0, this gives




For ν = j, this gives
Äj + HȦj +
q2
a2
Aj + m2Aj =
qjqiAi
a2
+ iqj(Ȧ0 + HA0) (4.16)
To eliminate auxiliary field A0, we apply ∂ν to eq. (4.14). We have
∂ν(a3Aν) = 0 (4.17)
or
Ȧ0 + 3HA0 − iqi
a2
Ai = 0 (4.18)













Aj = 0 (4.19)
For transverse direction qiAi = 0, we have





Aj = 0 (4.20)
where this is valid for photon (m = 0) and massive vector boson in transverse
direction (λ = 1, 2).












Aj = 0 (4.21)
It is impossible to solve equation (4.21) exactly[13]. However, at late time during
inflation, a(t) grows more or less exponentially. Therefore, the third term in equation
74













e∗i (q̂, λ)ej(q̂, λ
′) = δij − q̂iq̂j (4.23)
for photon m = 0 and
3∑
λ,λ′=1
e∗i (q̂, λ)ej(q̂, λ
′) → δij (4.24)













Aq(t) + m2aAq(t) = 0 (4.25)
To solve the equation above at a general momentum q, we can work in conformal









Aq = 0 (4.26)
where r ≡ mH .
We see from eq. (4.26) that in the limit of m = 0, the solution of massless vector
field is a plane wave, which is the same as those of conformal scalar and massless
fermion1, due to the conformal flatness of the theories. The positive mode solution







e−iqτ ,m = 0 (4.27)
1Apart from spinor and polarization factors
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)uq = 0 (4.28)
Therefore, the general solution of massive vector field is
Aq(τ) = Eq
√−τH(1)ν (−qτ) + Fq






Therefore, ν is complex for very heavy mass when m > H2 . Since we want the
solution to match with the positive solution at deep inside horizon e−iωτ , only
H
(1)
ν (x) but not H
(2)
ν (x) gives e−iωτ factor in the large |x| limit. Hence, Fq = 0 and
Aq(t) = Eq
√−τH(1)ν (−qτ) (4.31)
A normalized constant Eq is chosen to match with solution at deep inside horizon.


































Since we now allow the existence of mass term which can be either large or small,
the normalized constants Eq can be a function of mass and this may affect the result
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of correlation function.
During inflation, the mass of the matter can be large due to the interaction of
matter with inflaton ϕ̄. As mentioned earlier, slow roll condition of some inflationary
theories requires m = ϕ̄ ' MPl. This can make the mass term as large as MPl
and may affect the final result of the correlation function. To determine the time
independent coefficient Eq, we match the solution with that of inside horizon. From











From eqs. (4.31) and (6.31), we therefore have the massive mode solution of gauge















2 − r2. We see that the gauge field has many different features similar
to that of scalar field. The difference between gauge field and scalar field is that we
need to consider the polarization vector ei as well.
4.3 Gauge and Gravity Interaction Vertices
The action
√−ggµαgνβFαβFµν gives the interaction of gauge field with gravity. Ex-
pansion of the metric fluctuation gives an infinite number of vertex interactions such
as LζAiAj , LζζAiAj , LζζζAiAj ,...etc. The field strength Fµν in the action indicates
that the interaction always depend on the time or spatial derivative of vector Ai but
never depend on the time derivative of A0 (F00 = 0 always). For example,
Fij = ∂iAj − ∂jAi (4.37)
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F0j = Ȧj − ∂jA0 = Ȧj − ∂jA0 (4.38)




























We see that the interaction LζAiAj is rather complicated especially when we take
into account quantum theory. As learned in appendix, we only need to know the
energy momentum tensor of that matter considered to second order because the
interaction vertices of any matter can be written as
HζAA(t) = −
∫
d3xεHa5(T 00 + a2T ii)∂−2ζ̇ + Ẏ (t) (4.41)
where






This can be verified by using Bianchi identity Tµν;ν = 0 and Mukhanov equation
in eq. (3.29). Therefore, we will use eq. (4.41) in loop calculation, instead of eq.









for m = 0. Therefore, to quadratic order of energy momentum tensor, we have






















Let us calculate what the interaction trilinear vertices of massive vector field is. We
can easily extend the result to the massive case. Since this includes the possibility
of gauge field potential such as the mass term i.e. V (AµAµ) = 12m
2gµνAµAν , the

















Therefore, to quadratic order of energy momentum tensor when A0 6= 0, we have






F 2ij + 2m
2A20 (4.48)
As seen from eq. (4.15), A0 is decaying away as qiȦi(am)2 after horizon exit. Therefore,












Therefore, it is only the propagators that will be different from massless case as we
will consider in the next section.
4.4 Massless Vector Field
We would like to determine the momentum dependence of vector field loop spectrum
〈ζζ〉 ∼ q−n to see whether n is far different from 3 or not. If n is much larger than 3,
the spectrum will therefore be larger than the classical result at outside horizon of ζq
when q → 0 and therefore vector field will not be a large scale structure candidate.
Therefore, we would like to calculate the momentum dependence of loop spectrum
to see whether the scale invariance is broken or not.
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4.4.1 The Momentum Dependence Result










ζq(t1,2) → −ζ̇q(t1,2)/q2 (4.51)
V (t) = −εHa5 (4.52)
As seen above, it is straight forward to extend from the scalar case to gauge field.
The only difference is that we need to consider the polarization vector ei. Since
the purely electric term(through (Ȧi)2), purely magnetic term (through (∂iAj)2 −
(∂iAj)(∂jAi)), and two cross terms arise when we evaluate commutator [H1, [H2, Q]].



















and ζ remains the same as in eq. (3.72) because we are calculating the same corre-
lation function 〈ζζ〉 with various kinds of matter loops.
We now need to calculate the polarization factor Pi for i = 1...4.















|(p · p′)(êp,λ · êp′,λ′)− (p · êp′,λ′)(p′ · êp,λ)|2 (4.59)
= |p|2|p′|2 + (p · p′)2 (4.60)
The P3,4 factors come from the cross terms which are
P3 = P4 = −2p · p′ (4.61)







































−2pp′(p̂ · p̂′)a−41 a−22 Ap(t1)Ap′(t1)Ȧ∗p(t2)Ȧ∗p′(t2) (4.66)
−2pp′(p̂ · p̂′)a−21 a−42 Ȧp(t1)Ȧp′(t1)A∗p(t2)A∗p′(t2) (4.67)
Since the solution of massless vector field is just a plane wave,

























Substituting the Z part eq. (3.82) and gauge field part eq. (4.69) in eq. (4.62), we










×δ3(q + p + p′)|Aop|2|Aop′ |2p2p′2
(













2q(q + p + p′)
(4.74)









Although the momentum dependence of |Aoq|2 goes as q−1 rather than q−3, this
does not break the scale invariance of the power spectrum 〈ζζ〉 because we do not
measure the product of the vector fields. Therefore, we study how vector field affects
the 〈ζζ〉 via the gravity interaction instead. Substituting eqs. (4.73) and (4.75) in
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×δ3(q + p + p′) pp
′
q + p + p′
(
1 + (p̂ · p̂′)
)2
(4.78)
Notice that the first term is the same as that of massless minimal coupled scalar
loop. The p̂ · p̂′ terms are the consequence of summing over polarization vectors.
We see from the momentum integral above that there is the quartic UV divergence
when p → ∞. We will use dimensional regularization to remove the divergence.

























q + p + p′
(
1 +




With the dimensional regularization, the UV divergence of the integral above for
δ = 0 gives the pole term as
2π
q
I(q) ⇒ q4+δF (δ) (4.81)
F (δ) → F0
δ
+ F1 (4.82)









where L is a divergent constant. To eliminate the divergence in the momentum
integral above, we use Mathematica to integrate over p′ and differentiate I(q) six















F0 = −28π5 (4.86)













ln q + L
)
(4.87)
Notice that the result is smaller than the classical result by a factor of G in order
of magnitude. The numerical coefficient is slightly more than that of scalar loop in
[2] because there are additional polarization factors.
4.5 Massive Vector Field
The actual calculation is more complicated for massive vector field because mode
solutions for the propagator is no longer a simple plane wave as in the massless
case. We therefore need to study the late time behavior before performing actual
integrals.
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4.5.1 Late Time Behavior
We see from the full action in eq. (4.7) that none of them has positive power of a
as long as the vector field is massless. The reason is that N i goes as a−2 and Ȧi
contained in F0i goes as a−1 when m = 0. Therefore, there is no problem with the
time integral in the massless case. However, if vector field has mass, as it is for a
more general case2, the power of a will go explicitly as a in the interaction actions.
We therefore consider the late time mode solution of massive vector field.

























The exact solution in eq. (4.36) approaches
Aq(t) = Cqaλ+ +Dqaλ− (4.91)
at late time where











2This mass m is an effective mass which includes possible interactions with broken symmetry
of other fields such as inflaton. Although the gauge invariant is broken in the action, the mass
term always arises because inflaton ϕ and gravity gµν fluctuate around non-zero background. After
expansion, there is always contribution from at least the second order of Ai which does not involve
field derivatives of Ai. Therefore, this contributes an effective mass term of m
2 ∼ ϕ̄2(tq) ∼ M2Pl.












































For m > H2 , ν is complex. Therefore the two mode solutions at late time are complex
conjugate of each other.
λ+ ≡ λ, λ− = λ∗ (4.96)
Notice that |Cq|2 and |Dq|2 are q-independent.
For m = H2 , ν is zero. Therefore,
λ+ = λ− = −12 (4.97)
and Cq and Dq are q- independent.
For m < H2 , ν is real. Therefore,
−1
2
< λ+ < 0,−1 < λ− < −12 (4.98)
and |Cq|2 and |Dq|2 are q-dependent, depending on its mass.
We see from the interaction action that there is at most explicit factor of a1. If
vector field is massless, this causes no problem to the time integrals because its time
derivative gives an additional factor of a−1. However, when vector field has mass,
its time derivative gives the same power of Aq at late time. But the commutators
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of massive vector field contribute a factor of aλ++λ− = a−1. As seen from the full
action in eq. (4.7), the maximum number of power of a in the action when m 6= 0
is 1 and the commutator goes as a−1. Therefore, it can only contribute at most a
power of (ln a)N in the result of the N time integrals.
Note that the massive theories may provide some interesting features to the final
result of power spectrum in that they may not get suppressed by an additional
factor of G. Even though the trilinear vertices are the same as those in the massless
case (as seen from the vertices section), the time derivative of propagator in massive
theories contributes an additional factor













where f(t) has the same power of t as in Aq. Therefore, there will be a term like
Ȧp(t1)Ȧp′(t1)Ȧ∗p(t2)Ȧ∗p′(t2) → O(λ4±)F [t1, t2] (4.100)





the time derivative propagators give an additional factor of (λ±)4 for four fields.
Because of eq. (4.101), the loop spectrum does not seem to get suppressed by an
additional factor of G, but however may get suppressed by the constant coefficient
at large mass in eqs. (4.93) and (4.94) or the results of the loop integrals. We will
investigate whether there is true suppression or not in the next sections.
4.5.2 The Momentum Dependence Result
As seen from the section on vertices, the interaction vertices are the same as those
of massless case because of the mass term cancellation in T 00 + a2T ii. Only the
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propagators are different in the massless case. Therefore,















The exact solution of massive vector field involves Hankel’s functions which are
rather complicated to integrate over time and momentums. However, we can get
some ideas what the momentum dependence of the observable spectrum is by con-
sidering the long wavelength mode solutions. Note that at far outside horizon when
q ¿ aH, am, the polarization of massive vector fields approaches
3∑
λ=1






















(p · p′)Ȧ∗p(t2)Ȧ∗p′(t2)Ap(t1)Ap′(t1) (4.109)
We see from eqs. (4.91), and (4.95) that Ȧq gives the same power of a as Aq at late








This means that the (massive) electric-like term is more dominating than the magnetic-
like term after horizon exit. This result is different from the result of massless vector
fields in which all electric and magnetic terms are equally important. Substituting




























































With the time derivative of late time mode solution in eq. (4.95), we have
Ȧp(t1)Ȧp′(t1) = H2
[





























for 2ν 6= 0 and
c0 = CpDp′ +DpCp′ (4.123)
c+ = CpCp′ (4.124)
c− = DpDp′ (4.125)






) which can be either real or complex or zero,
depending on its mass when compared to the expansion rate H.
4.5.3 Small Mass: m < H
2

































We can see that there is no contribution to the terms proportional to |c+|2, and
|c−|2 because they are all real. With the factor i in the integrand, the contribu-
tion is purely imaginary. Hence there is no contribution after taking the real part.




























The integral above is still too complicated. However, when 0 ¿ 2ν < 1, sin qτ2 →
qτ2 = − qa2H , and Ei(−ix) ' ln x + γE − iπ2 ' ln x when x → 0 the result of time
integral is less than t2 or (ln a(t))2 at late time. Therefore, the dominant contribution
comes from the first term of the integrand. Hence,
T → 2qHλ−λ3+Im(c∗+c0)
(1− η ln qτ)
aηη2
(4.131)












×(1− η ln qτ)
η2
∫
d3pd3p′δ3(q + p + p′)Im(c∗+c0) (4.133)





































(1 + (2ν − 1) ln qτ)
ν(1− 2ν)2 (4.138)∫








To determine the momentum dependence q of the spectrum, we integrate over in-




















+O(q3) ' 2pqf(p, p′ = p, q) (4.142)
To ensure the approximation of the mode solutions at low momentum in eq. (4.91)





















(1 + (2ν − 1) ln qτ)
ν(3− 2ν)(1− 2ν)2 (4.145)




< 1 (we will consider the case when 2ν → 0 in the next
section). By defining η ≡ 1− 2ν as positive and small, we can rewrite the equation











(1− η ln qτ)
















We see that the departure from scale invariance is still small.
4.5.4 Critical Mass: m H
2












































|Cp +Dp|2|Cp′ +Dp′ |2 (4.154)
We see from eqs. (4.93) and (4.94) that the coefficients are all momentum indepen-




























[ e iπν2 (2Hq )ν















sin νπΓ(1− ν) = limν→0
e
iπν
2 ( iπ2 (
2H
q )
ν + ν(2Hq )
ν−1)
























































4.5.5 Large Mass: m > H
2
For m > H2 , λ± are complex conjugate of each other. We define λ+ ≡ λ = −12 + ir,

















We see that the time components of the first two terms are complex conjugate of

































where the other terms vanish in the limit of t →∞ because of the oscillating behavior






















2(|c+|2 − |c−|2) + πr|c0|2
]
(4.171)
We now need to calculate what |c±,0|2 are. From eq. (4.123), we have
|c+|2 = |Cp|2|Cp′ |2 (4.172)
|c−|2 = |Dp|2|Dp′ |2 (4.173)
|c0|2 = |CpDp′ +DpCp′ |2 (4.174)
From eqs. (4.93) and (4.94), we have




|Dq|2 = π4(2π)3H| sin νπ|2
eπr
|Γ(1 + ν)|2 (4.176)
We can see that |Cq|2 and |Dq|2 are momentum independent because ν ≡ ir is purely
imaginary in the large mass limit when m > H2 . Therefore,
|c+|2 − |c−|2 = π
2(e−2πr − e2πr)
16(2π)6H2| sin νπ|4|Γ(1 + ν)|4 (4.177)
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Using |Γ(1+ ir)|2 = |Γ(1− ir)|2 = πrsinh πr and sin ir = i sinh r for real r, the equation
above is simplified as
|c+|2 − |c−|2 = − cothπr4(2π)6r2H2 (4.178)
where we use sinh 2x = 2 sinhx coshx. Also,
|c0|2 =
cos2(r ln pp′ )
4(2π)6r2H2 sinh2 πr
(4.179)
Notice that the coefficients |c+|2−|c−|2 are completely momentum independent and
|c0|2 is nearly momentum independent (ln |p||p+q| → 0 when q → 0). Substituting eqs.





















































+O(q3) ' 2pqf(p, p′ = p, q) (4.185)
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We cut off the momentum integral over p at Λq ' q so that the approximation of
the massive vector mode solutions at low momentum in eq. (4.91) is still valid.
Therefore, the result of the momentum integrals p, p′ gives the momentum depen-
dence as q3, which cancels with the q−6 factor in eq. (4.181). We therefore have the





















because you have heard it many times;
because it has been believed traditionally;
because it is believed by a large number of people;
because it is in accordance with your scripture;
because it seems logical;
because it is in line with your own beliefs;
because it is proclaimed by your teacher, who has an attractive personality
and for whom you have great respect.
Accept it only after you have realized it yourself at the experiential level and have
found it to be wholesome and beneficial to one and all. Then, not only accept it but
also live up to it. Gotama
We have learned that the spectrums of massless minimal coupled scalar, massless
fermion, and massless vector fields loops all go as (8πGH2)2q−3 ln q. We like to
investigate whether this is still true for conformal scalar loop.
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The full action considered during inflation is





R + gµν∂µϕ∂νϕ + 2V (ϕ) + gµν∂µχ∂νχ− ξRχ2] (5.2)
where ϕ is an inflaton , χ is an additional conformal scalar matter in which 〈χ〉 = 0,
and ξ = 16 , 0 for conformal and minimal couplings respectively. We consider this to
see how the conformal scalar affects the spectrum 〈ζζ〉 through the interaction with
gravity. From the full action in eq. (5.1), we can expand the gravitational, minimal
coupled scalar (inflaton) and conformal scalar fields as
gµν = ḡµν + δgµν (5.3)
ϕ = ϕ̄ + δϕ (5.4)
χ = 0 + δχ (5.5)
5.1 Field Equation and Its Solution
To arrive at the field equation of the conformal scalar field, we need the action up











where R̄ = −12H2. Varying the second order of the action with respect to χ, we
have the field equation of the conformal scalar field as





χq = 0 (5.7)
Notice that if there is no extra term 12ξH2χ (or ξ = 0), this is just a minimal
coupled massless scalar, in which the dominant solution approaches constant at late
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time. It is known that the massless minimal coupled scalar produces a scale free
spectrum. We like to investigate the momentum dependence of the power spectrum
due to conformal scalar loop here. Eq. (5.7) can be solved exactly by re-scaling field








uq = 0 (5.8)
where u′ denotes the time derivative with respect to conformal time τ ≡ ∫∞t dt
′
a(t′) .
During inflation, a ' − 1Hτ , therefore, the last two terms of eq. (5.8) are cancelled.
We arrive at a simple field equation of conformal scalar field as
u′′q + q
2uq = 0 (5.9)
Therefore, the solution to the equation above is just a simple plane wave valid to
all wavelengths








where we choose the constant coefficients to match with the positive mode solution
at inside horizon. Since the time order product of the two field operators is the
usual in-out Feynman propagator (or the R − R propagator in in-in theories), its
plane wave solution in eq. (5.10) gives the free field propagator as that in flat space.
This arises due to the conformal flatness of the theories. As seen in the previous
chapters, the solutions of massless fermion and massless gauge fields are also plane
wave, apart from the different power of a and spinor and polarization factors. From
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We see that its momentum dependence is far from scale invariance at the classical
level. However, we never observed the product of the scalar fields in CMB anisotropy
but rather the correlation function of the temperature or density fluctuation which
is related to the conserved quantity ζ. Therefore, we study how the conformal scalar
field affects the observable power spectrum 〈ζζ〉 via the gravitational interactions
at the quantum level.
5.2 Interaction Vertices
As seen from the previous section, the second order of the field fluctuations gives a
free field equation and hence the propagators via its solutions. The cubic and higher
order terms give the interaction vertices after expanding all field fluctuations. For























where the last line above contains the additional terms from the massless minimal




2. We see that the interactions above are rather complicated. However
many terms are cancelled via field equation and removed by the field re-definition
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of ζ[2]. Therefore, the interaction vertices can be written in a more compact form
as derived in appendix as
Hζχχ(t) = −
∫
d3xεHa5(T 00 + a2T ii)∇−2ζ̇ (5.16)
where Tµν in the equation above is the energy momentum tensor at the second order





The combination of time and space components of energy momentum tensor is [14]














− R̄ + 3ξR̄
)
(5.19)
We can check that T 00 + a2T ii = 2χ̇2 for minimal coupling ξ = 0. For conformal
coupling ξ = 16 , we have












− R̄ + 3ξR̄ = 0 (5.21)
due to R̄00 = 3H2, R̄ii = −9a2H2 and R̄ = −12H2 in de-Sitter phase inflation.

















By counting the power of a, we see that the interaction Hamiltonian in eqs. (5.13)
or (5.22) has a term that contains the explicit factor of a3. The reason is that ζ goes
at most constant and ζ̇ goes as a−2 at late time. By looking at the conformal mode
solution in eq. (5.10), both of χ and χ̇ go as a−1 at late time. Therefore, it appears
that the interaction Hamiltonian in eq. (5.22) gives the power of a as a5−2−2(1)=1.
However, we need to consider how the conformal scalar field and its time derivative
enter into the commutator(s) as well.
The commutator of two interaction-picture scalar fields at time t1, t2 is
[









The commutator of a field and a field time derivative is
[









The commutator of two field time derivative is
[
















































































) sin q(τ1 − τ2)
]
(5.34)
We see from equations above that the power of a in various commutators of eqs.
(5.23), (5.24), and (5.25) all goes as a−3(t). Since the maximum number of explicit
factor of a in any interaction is 3 and there are as many commutators as there are
interactions, the total number of factors of a at late time is zero if the field outside
commutators approaches constant (i.e ζ) or is less than zero if the field outside
commutators goes as negative power of a (i.e most matter such as massive scalar,
fermion, and gauge fields.). Therefore, the result of the N time integral in conformal
scalar field theories will never be larger than (ln a)N .
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5.4 The Momentum Dependence Loop Correlation Func-
tion
To calculate the loop spectrum in the commutator [H1, [H2, Q]], we can use the
general formula in eq.(2.46) with the replacement







ζq(t1,2) → −ζ̇q(t1,2)/q2 (5.36)
V (t) = −εHa5(t) (5.37)










Mχ ≡ π∗(t2)π(t1) (5.39)
where
















































































To calculate Z, we use the solution of free field Mukhanov equation in interaction
picture as
ζq(t) = ζoq e

















Substituting the Z part eq. (5.50) and matter part eq. (5.43) into eq. (5.46), we
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d3pd3p′δ3(q + p + p′)
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2q(p + p′ + q)
(5.58)












d3pd3p′δ3(q + p + p′)
(
p2 + p′2 − 4pp′
)2
pp′(p + p′ + q)
(5.60)
By power counting, we see that the momentum integral has quartic UV divergence
when p → ∞. As seen above, there is no infrared divergence when p, p′ → 0 for
non-zero external momentum q. We use dimensional regularization to regulate UV
divergence by following the calculation in [2] for massless minimal coupled scalar.
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p2 + p′2 − 4pp′
)2
(p + p′ + q)
(5.62)
The UV divergence of the integral above for δ = 0 gives the pole term as
2π
q
K(q) ⇒ q4+δF (δ) (5.63)
F (δ) → F0
δ
+ F1 (5.64)





F0 ln q + L
]
(5.65)
where L is a divergent constant. To calculate the coefficient F0, we differentiate
K(q) with respect to q six times after integrating over p′. This will reduce the power
of p in the integrand. Then the result of integrating over p when p → ∞ will be











ln q + L (5.67)
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where L is a divergent constant. Comparing this with eq. (5.65), we have
F0 = −2π5 (5.68)












ln q + L
]
(5.69)







The Quantum Nature of MPl
Theories
What’s to lament there in that?
For one who sees, as it actually is,
the pure arising of phenomena,
the pure seriality of fabrications,
there is no fear. Adhimutta
The important question for us is whether there is an additional suppression
of factor G at the quantum level. If there is a vertex as large as MPl, it raises the
possibility that the loop power spectrum 〈ζζ〉 could give a contribution in the order
of the observed value. As described earlier, such theories can only exist in massive
theories with m ' MPl because inflaton ϕ and gravity gµν fluctuate around non-zero
background and also contribute a factor of MPl to the second order of action. We
investigate with the massive minimal coupled scalar field to see what happen when
a coupling is as large as MPl.
As usual, the action we consider is the Einstein gravity, inflaton ϕ with an arbitrary
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potential V (ϕ), and an unbroken symmetry scalar field 〈σ〉 = 0 with a mass possibly


















Since m could be as large as MPl, it may affects the power spectrum through the
interaction with gravitational fluctuation δgµν . We investigate how large the loop
spectrum can be when the mass and coupling are varied from nearly zero to MPl
6.1 Field Equation and Its Solution











uq = 0 (6.3)
We see that if m2 = 2H2, the field equation above is the same as the conformal
field equation shown in the previous chapter. For a general mass m and a general








uq = 0 (6.4)
Therefore, the general solutions are
σq(t) = uq(t)/a(t) = a−1
(
Eq













Since we want the solution to match with the positive solution at deep inside horizon
e−iωτ , only H(1)ν (x) but not H
(2)
ν (x) gives a factor of e−iωτ in the large |x| limit.






The normalized constant Eq is chosen to match with the solution at deep inside
horizon. At inside horizon, the positive frequency solutions are the same as that in
































Since we now allow the existence of a mass term which could be either large or
small, the normalized constants Eq could be a function of mass and may affect the
result of the correlation function.
To determine the time independent coefficient Cq, we match the solution with that













Substituting eq. (6.10) into eq. (6.7), we obtain the solution of a massive scalar














Owing to the existence of mass, the maximum number of explicit factor a that can
arise in the interaction action is a3. For example, the trilinear interaction that we
will use to calculate the loop spectrum is
Hζσσ(t) = −
∫
d3xεHa5(2σ̇2 −m2σ2)∇−2ζ̇ + Ẏ (6.12)
As stated earlier, the equation above came from the calculation of the energy mo-
mentum tensor of massive scalar field T 00 + a2T ii.
6.3 Late Time Behavior
The late time behavior of mode solution can be obtained by using the property of












From eqs. (6.11) and (6.13), the solution at outside horizon is
σq(t) → Cqaλ+ + Dqaλ− (6.14)
where











































We see from equation above that σq does not really approach constant after horizon




±ν where ν is either positive real or positive imaginary or zero
depending on its mass when compared to the expansion rate. As analyzed in [3], the
result can never be proportional to the positive power of a. However, if the vertex
or its mass is as large as MPl, the loop spectrum may not be small as we previously
thought. For example, its time derivative contributes the same power of a at late







Since λ± contains the mass term and the mass term could be as large as MPl, it
may affect the order of magnitude in the loop power spectrum.
6.4 Unequal Time Commutators of Fields with Planck’s
mass
For a very heavy mass scalar field m ' MPl > 3H2 , the two independent solutions
at late time are a complex conjugate of each other with different coefficients Cq and
Dq such that



















For a massive scalar field, its time derivative contributes the same power of a at late

























































where the combination of the two cross terms are real and hence its imaginary part


















Since |Cq|2 and |Dq|2 are both real, eqs. (6.22), (6.23), and (6.24) become
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σ(x1, t1), σ(x2, t2)
]
(6.29)
The additional factor in the time derivative of a field, −Hλ = −H(−32 + iMPlH ),
may affect the large power spectrum due to the MPl factor. However, we need to
consider the mass dependent coefficients Cq and Dq to investigate if there is any
other suppression.
As seen from eq. (6.16), the |Cq|2 and |Dq|2 is momentum independent because
ν is purely imaginary in the large mass limit when m ' MPl > 3H2 . Note that




for ν = iMPlH . Therefore,







Using sin ix = i sinhx for real x, all the sinhx terms are cancelled for the combina-
tion |Cq|2 − |Dq|2. Hence, the equation above is simplified as
|Cq|2 − |Dq|2 = − 12(2π)3MPl (6.31)




We see that the coefficient factor in an unequal time commutator get suppressed by
only a factor of M−1Pl . Substituting eq. (6.31) in eqs. (6.26), (6.27), and (6.28), we
117
have the various commutators of MPl massive scalar field as
[






























δ(3)(x1 − x2) (6.34)
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We can check that, in the equal time limit, [σ, σ] = [ϕ̇, ϕ̇] = 0 and [σ, σ̇] ∝ δ(3)(x1−
x2) as expected. The fact that the coefficients |Cq|2 and |Dq|2 are q-independent at
m > 3H2 makes the integral over momentum trivial. The commutator above shows
the possibility that the loop spectrum can be large because of a coefficient constant
in the order of MPl. However, there is also contribution of fields which are not in the
commutator that may affect the final spectrum. Therefore, we explicitly calculate
the loop spectrum as well as its momentum dependence in the next section.
6.5 One Loop Two-Point Function
When we evaluate the RHS of eq. (2.2), there are fields that are in the commu-
tators as well as those that are not in the commutators because there can only be
a pair of fields in each unequal time commutator and the interaction Hamiltonian
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contains more than two fields. We therefore need to consider how the mass affects
the spectrum through the field both inside and outside commutators. We therefore
consider an example of one-loop two point function below.
To calculate the momentum dependence of loop spectrum, we use eq. (2.46). We
replace
ψ∗ψ → 2σ̇2 −m2σ2 (6.38)
ζq(t1,2) → −ζ̇q(t1,2)/q2 (6.39)
V (t) = −εHa5(t) (6.40)
where Z is still the same as that in eq. (5.38). For matter part σ, there are
terms containing the four product of the fields, the four product of the fields time
derivative, and the two cross terms. Therefore, eq. (2.51) becomes






Note that if the minimal coupled scalar is massless, only the first line contributes
and the momentum dependence loop spectrum goes as q−3 ln q [2]. We like to
investigate whether this is still true even when the scalar field has an arbitrary
mass. Especially, when m ' MPl, there is the possibility seen in eq. (6.41) that the
loop power spectrum can be large.
Since we will integrate over time t1 before time t2, eq. (6.41) can be grouped as
Mσ = π∗(t2)π(t1) (6.45)
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where
π(t) ≡ 2σ̇p(t)σ̇p′(t)−m2σp(t)σp′(t) (6.46)
= (2λ2+H
2 −m2)CpCp′a2λ+ + (2λ2−H2 −m2)DpDp′a2λ− (6.47)
+(2λ+λ−H2 −m2)(CpDp′ + DpCp′)aλ++λ− (6.48)






, we have the integrand of the matter






2 −m2)CpCp′a2ν + (2λ2−H2 −m2)DpDp′a−2ν (6.49)
+(2λ+λ−H2 −m2)(CpDp′ + DpCp′)
)
(6.50)




























The result in eqs. (6.49) and (6.51) is valid for an arbitrary mass m. We will
consider what happen to the spectrum when the mass is as large as Planck’s mass.
However let us first consider the critical mass.
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6.5.1 Critical Mass: m = 3H
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Similar to massive vector field case, when ν = 0, eq. (6.16) gives





Therefore, we need to use l’ Hospital’s rule in a similar way as in the critical massive



































We see that the coefficients are q-independent. Substituting eqs. (6.59) and (6.64)












which is exactly scale invariant.
6.5.2 Large Mass: m > 3H
2
For m > 3H2 , λ± are complex conjugate of each other. We define λ+ ≡ λ = −32 + ir,











(2λ2H2 −m2)CpCp′a2ir + (2λ∗2H2 −m2)DpDp′a−2ir(6.66)






2ir + c−a−2ir + c0
)
(6.68)
We see that the time component of the first two terms are complex conjugate of
each other with different constant coefficients c±. The last term approaches a−3
exactly. The factor a−3 in eq. (6.66) cancels with the factor
√−ḡ in each interaction
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Hamiltonian. Therefore, we expect that there is no divergence in the time integrals

















2irHt2 − c−e−2irHt2 − 2irc0Ei(−iqτ2)
)
(6.70)
We see that there is an additional factor of r−1 = Hm as a consequence of the time
integration. The integral over time t2 gives









































where the other terms vanish in the limit t →∞ because of the oscillating behavior
of the integrand e±iHt2 . We now need to calculate what |c±,0|2 are. From eq. (6.66),
we have
|c+|2 = |2λ2H2 −m2|2|Cp|2|Cp′ |2 (6.75)
|c−|2 = |2λ2H2 −m2|2|Dp|2|Dp′ |2 (6.76)
|c0|2 = (2|λ|2H2 −m2)2|CpDp′ + DpCp′ |2 (6.77)
We can see from eq. (6.16) that |Cq|2 and |Dq|2 are momentum independent because
ν ≡ ir is purely imaginary in the large mass limit when m > 3H2 . Therefore,
|c+|2 − |c−|2 = π
2|2λ2H2 −m2|2(e−2πr − e2πr)
8(2π)6H2| sin νπ|4|Γ(1 + ν)|4 (6.78)
123
Using |Γ(1+ ir)|2 = |Γ(1− ir)|2 = πrsinh πr and sin ir = i sinh r for real r, the equation
above is simplified as




where we use sinh 2x = 2 sinhx coshx. Also,
|c0|2 =
(2|λ|2H2 −m2)2 cos2(r ln pp′ )
4(2π)6r2H2 sinh2 πr
(6.80)
Notice that the coefficients |c+|2±|c−|2 are completely momentum independent and
|c0|2 is nearly momentum independent (ln |p||p+q| → 0 when q → 0). Substituting eqs.
(6.71), (6.79), and (6.80) into eq. (6.51), we have the loop correlation function due












×δ3(q + p + p′)
(π
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+O(q3) ' 2pqf(p, p′ = p, q) (6.85)
We cut off the momentum integral over p at Λq ' q so that the approximation of
the scalar mode solutions at low momentum in eq. (6.14) are still valid. Therefore,
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the result of the momentum integrals p, p′ gives the momentum dependence as q3,
which cancels with the q−6 factor in eq. (6.81). We therefore have the approximated









|2λ2H2 −m2|2 cothπr (6.86)

















where we use (sinhπr)−1 → 0 and cothπr → 1 in the large r limit.
We can compare the loop result when m = MPl with the classical result and with












We see that the spectrum is scale invariant. Also, it is smaller than the classical
result by a factor of HMPl but larger than the massless minimal coupled scalar loop





In the seen there will be only the seen;
in the heard there will be only the heard ;
in the smelled, tasted, touched there will be
only the smelled, tasted, touched;
In the cognized there will be only the cognized. Gotama (Udana, I.x)
7.1 Why Two Loops?
In the previous chapters, we have studied the one-loop effect to the density per-
turbation during inflation. We found that the results are smaller than the classical
result by a factor of ( HMPl )
2 if the fields1 circulated inside the loop are massless and
by a factor of HMPl if the scalar field has a coupling and a mass as large as MPl(i.e.
L1 = √−gϕ2σ2 = a3(1+ ζ̇H +3ζ)ϕ̄2σ2 for which ϕ̄ ∼ MPl). Also, the one-loop results
are all nearly scale invariance for all type of matter. It is natural to ask whether the
1We means all matter fields such as minimal coupled scalar calculated in [2], conformal scalar,
fermion, and gauge fields calculated in previous chapters.
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spectrum is still scale invariance and is in the order of the observed value beyond
one-loop order. Since matter loop dominates when compared to gravity ζ loop, it
is likely that the matter loop with a large coupling such as L2 = √−gϕσ3 when
ϕ̄ ∼ MPl may contribute to the power spectrum in the order of the classical result.
However, after metric expansion, L2 can only contribute beyond one-loop power
spectrum 〈ζζ〉. We therefore would like to calculate two-loop two point function of
density perturbation in this chapter.
7.2 Large or Small?
As mentioned earlier, there is the possibility of large loop spectrum due to the
large coupling in the order of MPl. However, we also need to examine the various
commutators and the results of the integrals because these may be small enough to
compensate the large vertices.
To obtain a quick estimation, we first consider the late time behavior that can
arise in various commutators. Although there is an explicit factor of
√−ḡ = a3 in
the interaction Hamiltonian, this is compensated by an unequal time commutator,
which goes at most as a−3. Since there are many commutators as well as many
interactions, the largest result of N time integrals is in the order of (ln a)N [3]. With
two-loop two point function considered here, there are two external legs of ζq which




, two time dependent vertices (not include the field




2, and two unequal time commutators which
give a factor of a−31 a
−3
2 at most for either ζ or σ fields. The rests are either ζ or σ
fields that are not in the commutators and are all constant at late time. Therefore,



















d3p′′f(p, p′, p′′, q).
Since all fields in the propagators are massless, Cq would never be the function of
MPl, unlike massive cases considered in the previous chapters. Therefore, it is pos-
sible that the order of magnitude of two-loop spectrum is larger or comparable to
that of the classical result 〈ζζ〉classical ' 8πGH2/εq3.
7.3 Two-Loop Two Point Function: The Momentum
Dependence
We have estimated the upper bound of two-loop two point function in the previous
sections and seen that the result will never be proportional to the positive power
of a but may be roughly in the order of classical result. This upper bound is still
larger than what is expected in perturbative quantization. We therefore like to see
the actual result from a more rigorous calculation by expanding the full action and
integrating it over times and momentum integrals. The action we considered is the
usual Einstein gravity, inflaton with an arbitrary potential V (ϕ), and additional
massless minimal coupled scalar with unbroken symmetry 〈σ〉 = 0 with coupling
L2. The action considered here is the same as that in [2], except that we now allow
additional interaction L2 that contributes a higher loop. For example, by expanding
the metric
√−g = a3(1+ ζ̇H )e3ζ , we have the time dependent interaction vertices to


























Figure 7.1: Two loop sunset diagram: Note that this graph includes all possible
connections of VL(t) and VR(t) vertices with various ∆RR(t1, t2) and ∆RL(t1, t2)
propagators. ζs are two external legs and σs are circulated inside the loops
where the vacuum expectation value in the RHS is in the free field vacuum and
that in the LHS is in interacting vacuum. With the interaction in eq. (7.2), the
equation above corresponds to the combination of R−R and R− L diagrams with




































The interactions (7.2) contributes to two-loop two point function because they have



























where Q(t) = ζ(x, t)ζ(x′, t) is the product of field operators that we calculated.
Since


























To calculate the expectation values of various products of the field operators, we





























where we normal order the product of field operators and use the commutation
relations. The vacuum expectation value of normal ordering fields is zero. What are
left are the product of three delta functions arisen from pairing six fields at different
times in unequal time commutators(two fields give one delta function). The product
of six field operators give six momentum integrals but the three delta functions
eliminate three momentum integrals. Therefore, three momentum integrals are left
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as in eq. (7.14). For the ζ part,









where Xq ≡ ζ̇qH + 3ζq. Substituting eqs. (7.14), and (7.16) into eq. (7.10) and
integrating over x1, x2 and x give
∫
d3x1 → (2π)3δ3(k + p + p′ + p′′) (7.18)
∫
d3x2 → (2π)3δ3(−k′ + p + p′ + p′′) (7.19)
∫
d3xeiq·(x−x












































With the mode solutions of ζq and σp in de-Sitter space,
ζq(t) = ζoq e




















+ 3ζq(t) = ζoq e
−iqτ
(
3 + 3iqτ − q2τ2
)









1 + i(p + p′ + p′′)τ (7.30)
−(pp′ + pp′′ + p′p′′)τ2 − ipp′p′′τ3
)
≡ σopσop′σop′′S(t) (7.31)




























Yq(t2)− Y ∗q (t2)
)
(7.34)
where we first integrate over times before spatial momentums and take the upper
limit t → ∞ or τ → 0 for sufficiently late time during inflation. From eqs. (7.29)













e−iktτ1 [3 + 3iqτ1 − q2τ21 ][1 + irτ1 − uτ21 − ivτ31 ] (7.36)
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where
kt ≡ p + p′ + p′′ + q (7.37)
r ≡ p + p′ + p′′ = kt − q (7.38)
u ≡ pp′ + pp′′ + p′p′′ (7.39)
v ≡ pp′p′′ (7.40)

































− k3t + 3qk2t + 3(u− q2)kt + (q3 − 3qu− 3v)
)]
(7.44)
where we rotate the integral contour τ → iτ when τ → −∞. Therefore, the time
integral converges at early time due to all fluctuations oscillating very rapidly as
e−iktτ . From eqs. (7.29) and (7.30), we have
S∗2
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− k3t + 3qk2t + 3(u− q2)kt + (q3 − 3qu− 3v)
)]
(7.50)
We can quickly check that there is no infrared divergence when τ → 0 in the integral
above by expanding e−2iqτ2h − h∗ in the integrand. This gives e−2iqτ2h − h∗ →





in the integrand. The first integral gives
∫ 0 iτ5
τ7
→ i0 but this result is purely
imaginary. Therefore there is no contribution from the first integral after taking
the real part. The second integral, which is real, gives
∫ 0 τ5
τ6
→ ln 0. This result is
roughly equivalent to ln a(t) when t is sufficiently late during inflation t →∞.
The prior analysis is only used for convergence check. It is necessary to evaluate the
integrals before taking the upper limit τ → 0. We use Mathematica to evaluate the
integral above and obtain the result in order of polynomial in q as
T = − q
36k2t
[(





(36γE − 108)r4u + (324− 108γE)r2u2 (7.52)










12r2u + 126u2 − 264rv
)
(7.55)




where γE = γ + ln 2 ' 1.26. The function Ei(x) in the t2 integral gives a result in
the order of O(τ2) that approaches zero when we take the upper limit τ → 02.
Notice that the result of the time integrals above in eq. (7.51) is exact and has no
singularity in q, unlike the result in one-loop which contains an additional factor
q−1. The only singularity in q when q → 0 comes from the factor |ζoq |4 → q−6 but



















d3p′′δ3(q + p + p′ + p′′)f(p, p′, p′′, q) (7.58)
where




By power counting, we see that the momentum integral shown above is quadratic UV
divergence rather than the quartic divergence in one-loop. For two-loop, quadratic
divergence is the highest divergence we could have because higher polynomial terms
in q could only give sub-divergence. Therefore, the momentum dependence in the
final result never be far from scale invariance and will not change even in higher
polynomial q-terms in eq. (7.51) because the UV divergences are of higher poly-
nomial q-terms are less than quadratic. We still keep exact result in eq. (7.51) to
calculate a precise coefficient in the next section. With dimension regularization,






d3p′′δ3(q + p + p′ + p′′)f(p, p′, p′′, q) ⇒ q2+δF (δ) (7.60)
2This means the time that is still during inflation but sufficiently late i.e. with sufficient numbers
of e-folding.
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where δ is a measure of the difference between the space dimensionality and three.
The UV divergence for δ = 0 gives


















ln2 q + F1 ln q + F0 + L
]
(7.63)
where L is a divergent constant and F0,1,2 are the coefficient numbers determined
from the actual integrals. Therefore, we still have the nearly scale invariant spectrum














ln2 q + F1 ln q + F0 + L
]
(7.65)
We see that the order of magnitude of this result can be in the order of classical
result (8πGH2(tq)) if ϕ̄(tq) ∼ MPl at the time of horizon exit. We obtain the factor
ln2 q because the two loop effect gives a pole term in the order of O(δ−2) when
dimensional regularization is used.
7.4 Can the departure from scale invariance be large?:
Calculate the coefficient
It is important to have some idea whether a constant coefficient F2 is large or small.
The reason is that the number of 8πG at the two-loop quantum level can be the
same as that at the classical level if ϕ̄(tq) is as large as MPl. If the numerical coef-
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ficient to leading order of ln q (which is ln2 q for two-loop here) is found to be too
large (i.e 105), we can conclude that the theories considered are invalid because we
never can observe anything much larger than the classical result. If the coefficient is
not far greater than the observed value, it is most likely possible that what we are
doing is in the right direction. Therefore, we would like to calculate the coefficient
to see whether the departure from scale invariance can be large.
To calculate the numerical coefficient, we need to do the actual momentum inte-
grals and differentiate with respect to external momentum q to lower the degree of












d3p′f(p, p′, p′′ = |q + p + p′|, q) (7.67)
We can choose the direction of q in z direction because it is a fixed external mo-

















dϕpp′f(p, p′, p′′ = |q + p + p′|, q) (7.69)
Since
p′′2 = p2 + p′2 + q2 + 2qp cos θqp + 2qp′ cos θqp′ + 2pp′ cos θpp′ (7.70)





= sin θqp sin θqp′ cosϕpp′ + cos θqp cos θqp′ (7.72)
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T (p, p′, p′′, q)
p3p′3p′′3
(7.73)
We differentiate with respect to q three times to lower the degree of quadratic
divergence. Note that the exact result of time integrals from the previous section is
given in eq. (7.51)
From eq. (7.51), we see that the terms proportional to q, q2 and q3 give quadratic,
linear, and logarithmic UV divergence respectively. The terms proportional to q4
and higher polynomial in q are finite at large p, p′. However, the higher polynomial
in q terms are dominated at low momentum p, p′ and the result goes as ln p ln p′
when p, p′ → 0. This can be seen by simple dimension analysis. To calculate finite
contribution of the spectrum, we differentiate f with respect to q three times. We
would like to calculate the coefficient of the ln2 q. Therefore, we need to evaluate























p′′2 = p2 + p′2 + q2 + 2qpx + 2qp′y + 2pp′(
√


































s ≡ px + p′y + q (7.79)
We are not able to do the momentum integrals eq. (7.74) analytically without an
approximation because the function f in eq. (7.51) is too complicated. However,
an approximated integrals can be done analytically by noticing that the integrals
over momentums in eq. (7.74) converge when p and p′ go to ∞. The reason is that
d3f
dq3
goes as p−7 when p′ is in the same footing as in p. Therefore, the result of the
integrals over p and p′ converges rapidly as 1p → 1∞ → 0. We can therefore expect
that the main contribution of the integral above come from the infrared regime in
which p ≈ p′ ≤ q. With p, p′ are sufficiently small, s, p′′ → q, kt → 2q, w′ → 1,




















































As expected, we see that the main contribution of three derivative integral comes




















ln2 q − 2 ln 0 ln q + ln2 0
]
(7.87)





ln2 q − 2 ln 0 ln q + ln2 0
]
+ C (7.88)
where C is a divergent constant. Substituting equation above back in eq.(7.57), we












ln2 q − 2 ln 0 ln q + ln2 0 + L
]
(7.90)

















ln2 q − 2 ln 0 ln q + ln2 0 + L
]
(7.92)
We see that if ϕ̄(tq) is as large as MPl, the two loop result can be in order of classical
value but the momentum dependence never be far different from q−3 .
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7.5 Comment on n-Loop
We have noticed that the momentum dependence of power spectrums when dimen-
sional regularization is used goes as F1 ln q+F0
q3
and F2 ln
2 q+F1 ln q+F0
q3
for one and two
loops respectively. We can therefore expect the momentum dependence of n loops
















for n-loop. However, the interactions
that generate n > 2 loops will not have a coupling in dimension of mass. This
means that, unlike the two-loop result, the coupling cannot be as large as MPl to
cancel the factor 8πG. We can arrive at this conclusion through dimensional count-
ing. For example, the interactions that contribute to a three-loop sunset diagram is




Be it little or much that you can tell,
The meaning only, please proclaim to me!
To know the meaning is my sole desire;
Of no use to me are many words.
Sariputta.
8.1 Summary of All Results
Quantum effect of cosmological correlations due to the interactions of gravitational
and all matters fluctuations are studied. It is shown that the departure from scale
invariance never be greater than order one ( the momentum dependence goes as
q−3+η such that |η| < 1, always), regardless what kind of theories, what kind of
matters, or what kind of inflaton potential V (ϕ) is. As described in appendix,
the results are also valid to more general potential V (ϕ, σ, ψ̄ψ, AµAµ) in which an
inflaton additionally interacts with arbitrary kinds of matters such as scalar, fermion,







ln q + L
]
(8.1)


















(1− η ln qτ)
(1− η)(2 + η)η2q3−η (8.4)
































ln q + L
]
(8.8)





ln q + L
]
(8.9)













|2λ2H(tq)2 −m2|2 cothπr (8.11)














ln2 q − 2 ln 0 ln q + ln2 0 + L
]
(8.13)









where α is a constant arise from vertices and Fk is a constant resulting from the
actual time and momentum integrals.
It is interesting to see that although different kind matters such as minimal coupled
scalar, conformal scalar, fermion, and gauge fields appear to be different through
their different wave functions in inflating universe and their different interactions
with gravitational fluctuation in the actions, they all share the same nature in the
observable correlation functions. They all predict nearly scale invariant spectrums
that seed the large scale structure of the universe observed today. This implies that
what are observed today such as fermion and vector fields are all also there as the
quantum fluctuations in the past even during the time of Big Bang inflation.
8.2 An Outlook
We have studied the possibilities of matters other than inflaton during inflation.
There is some learning that is worthwhile to be mentioned and investigated further.
1. Loop effect is generally suppressed by an additional factor of GH2. However, if
one take a coupling constant as large as MPl1, one may believe that the result
would not be suppressed by GH2. Without GH2 suppression, one may lead
to the false conclusion that the quantum effect can be larger than or in the
same order of magnitude as the classical value and hence perturbation theory
breaks down. However such one-loop theories can only arise in massive but
not massless theories because inflaton and gravity fluctuate around non-zero
background and contribute to the effective mass term with m ∼ MPl. This
means that if interactions are as large as MPl propagators also acquires mass as
large as MPl. Therefore more careful analysis is required. In this dissertation,
we showed that the results for massive theories are still suppressed by the mass
1This is possible in realistic inflationary theories because of possible coupling with an unper-
turbed inflaton ϕ̄ ∼ MPl
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dependent terms that can arise through mass dependent propagators and loop
integrations. Therefore cosmological perturbation theory is still valid at one-
loop level even when the vertices are as large as MPl.
2. For two-loop effect, it is not necessary to have mass in the way as described
earlier. Therefore, the two-loop quantum spectrum can be as large as the
classical spectrum if the coupling is as large as MPl. However, the calculation
showed that the coefficient of ln2 q is still less than one.
3. The actual and physical spectrum 〈ζζ〉 is a ”full” two-point correlation function
with summation of all possible diagrams and all loops. We have only calculated
a two-loop sunset diagram. As we noted in the n-loop section, the higher-
loop also contributes a sum of lnk q. This means that part of the higher-loop
contributes to the coefficient of ln2 q. Other topology of diagrams such as two-
loop Master diagram also contribute similarly. Therefore, the combination of
all the above will change all coefficients of lnk q.
4. As seen from the results in Chapters 3 − 7, the momentum dependence of




when the dimension regularization is used. This raises the question whether
the momentum dependence of the spectrum may be regularization dependent.
Although both these two methods of regularization agree on the nearly scale
invariant result, it may be worth trying other ways of regularization such as
Paulli-Villar, point-splitting or zeta-function regularization to investigate if
the departure from scale invariance can be large.
5. The nearly scale invariant results of massive theories of scalar, fermion, and
vector fields shown in this dissertation are also valid for a more general po-
tential V (ϕ, σ, ψ̄ψ,AµAµ) of arbitrary interactions of inflaton and all matters.
We have worked with a δϕ = 0 gauge and therefore ensure that whatever
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additional interaction that arises in the potential does not change the results
in eqs. (8.2), (8.6), and (8.11) but only shifts the mass terms (as described
in appendix). The reason is that an unperturbed inflaton does not change
much during inflation and therefore those arbitrary interactions can only shift
the mass in massive matters and gravitational theories. It will be interesting
for one to further explore and find any example that might not give the same
nearly scale invariant results for more general potential V (ϕ, σ, ψ̄ψ, AµAµ)
claimed in this dissertation.
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Appendix
Gravity and General Matter
Interactions
Whatever portion of the journey has been completed
give the inspiration and strength to walk on.
And the greatest help upon the path is gratitude.
This is the support for the journey ahead. S. N. Goenka
This appendix is to clarify and derive interactions of matter and gravitational
fluctuations used in chapter 3-6. The method of expansion and quantization shown
by Weinberg[2] has a more compact form than the direct expansion of matter and
gravitational fluctuations. Following his method, we could extend the calculation
to other matters such as fermion, gauge, and conformal scalar fields without much
difficulties. We like to show the calculation in details for the general reader.
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A.1 Higher-Order Fluctuations
In cosmological fluctuations, we generally expand the gravity and inflaton around
time dependent background such that
gµν(x, t) = ḡµν(t) + δgµν(x, t) (A-1)
ϕ(x, t) = ϕ̄(t) + δϕ(x, t) (A-2)
When we add any other matters which have unbroken symmetries, they can be
expanded as
M(x, t) = 0 + δM(x, t) (A-3)
where M represents any additional matters such as fermion, gauge, and conformal
scalar fields. The perturbation to the metric around FRW background can always
be placed in the form of
ds2 = −(1 + E)dt2 + 2a(t)F,idtdxi + a2(t)((1 + A)δij + B,ij) (A-4)
where we only consider the scalar mode which is the subject of interest here. The
gauge invariant observable quantity is defined as




to the linear order. We see that it relates to both matter and gravitational fluctua-
tions. There is a need for us to learn how to quantize such theories with minimum
complication.
Since inflaton and gravity are related through the Einstein’s equation, we have some
choices in choosing a gauge. It is found to be more convenient to choose a gauge
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such that inflaton does not fluctuate (δϕq = 0)[7] rather than a gauge that is on the
gravity side. With a δϕ = B = 0 gauge, the quantity ζq is purely gravity. Therefore,
we can write down all the components of gravitational fluctuations δgµν in terms of
a single variable ζ by solving Einstein’s equation in Maldacena gauge δϕ = 0. From
the gravitational field equations and the energy conservation equations2,
0 = Ȧ−HE (A-6)





(EḢ)− 3HḢE − a−1Ḣ∇2F + 3
2
ḢȦ (A-8)
Solving equations above, we therefore have
A = 2ζ, E =
2ζ̇
H
, F = − ζ
aH
+ εa∇−2ζ̇ (A-9)
where ε ≡ − Ḣ
H2





















The determinant of the metric is
√−g = N
√




2Pg. 8.1− 9 of [9]
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+ LM (σ, χ, ψ̄ψ, AµAµ) (A-14)
where LM (σ, χ, ψ̄ψ, AµAµ) are the additional matters such as minimal coupled
scalar, conformal scalar, fermion, and gauge fields that do not have the background.
The first three terms give vertices of purely gravity (or purely ζ in the gauge which
inflaton does not fluctuate δϕ = 0). We are presently interested in the interactions
of matter and gravitational fluctuations in the last term (LM term) because in gen-
eral the matter loops are larger than the gravity loops by a factor of 8πG. Therefore,
the time dependent tri-linear vertices of general matter is








T 00 − ∂i(− ζ
H
+ εa2∇−2ζ̇)T 0i − a2ζT ii
)
(A-16)
where Tµν is the energy momentum tensor of arbitrary matter evaluated at quadratic













(a3T 00) + aȧT ii + ∂iT i0 = 0 (A-18)
where we use Γ̄ii0 = 3H, Γ̄
0






ij = 0 for the unperturbed FRW



















where the term a2ζT ii is cancelled. With Mukhanov equation or the wave equation
in interaction picture






ζ = 0 (A-21)
Eq. (A-19) is simplified as
HζMM (t) = −εHa5
∫
d3x(T 00 + a2T ii)∇−2ζ̇ + Ẏ (A-22)
where








The gravitational and general matters interactions in eq. (A-22) are what we used
in chapters 3 − 6 because they are more simplified than the direct expansion of
fluctuations.
A.2 Adding Matters and Inflaton Interactions: More
General Inflaton Potentials
In the forgoing section we have considered an inflaton potential V (ϕ) and the in-
teractions of gravity and matters only. The most general and realistic theories of
quantum fluctuations are the theories that consider all matters interacting with
gravity and inflaton. In this section we study what happens when an inflaton po-
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tential is more general such that
V (ϕ) → V (ϕ, σ, ψ̄ψ, AµAµ) (A-24)
where matters interact with both inflaton and gravitational fluctuations.
The same approach shown in the previous section can be easily extended to this
more general inflaton potential without redoing the entire calculations. This is an
additional advantage of choosing Maldacena gauge, a gauge which inflaton does not
fluctuate (δϕ = 0). The calculation for this gauge is less complicated than that of
other gauges. We do not have to worry about the additional interactions between
δϕ and other matters fluctuations.
? Even when the additional interactions of inflaton and matters arise, the
results in eqs. (8.2), (8.6), and (8.11) do not change but only the masses are shifted
by












The is because we have chosen a gauge which inflaton does not fluctuate δϕ = 0 and
the mass shift( ∂
2V
∂ψ̄∂ψ
|ψ=0, ∂2V∂Aµ∂Aµ |Aµ=0 or, ∂
2V
∂σ2
|σ=0 ), which is a function of unper-
turbed inflaton only, does not change much during inflation. We therefore can ap-
proximate the unperturbed inflaton at the time of horizon exit ϕ̄(t) ' ϕ̄(tq). Hence
there is no additional consequence to the momentum dependence of loop spectrums.
Therefore, the spectrum is nearly scale invariant even if we add interactions
153
of arbitrary matters and inflaton to the interactions of matters and gravity.
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